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Abstract
One of the solutions to the hierarchy problem of the Standard Model is the composite
Higgs scenario, where the Higgs emerges as a composite pseudo-Nambu-Goldstone boson.
In this work we present and study the basic characteristics of the composite Higgs sce-
nario, based on the SO (5) /SO (4) and SO (6) /SO (5) cosets. We construct their effective
Lagrangians through the Callan-Coleman-Wess-Zumino construction. The first coset does
not differ much from the Standard Model and the second contains a singlet scalar in addi-
tion to the Higgs doublet. In these models we study the gauge sector, the fermion sector
and we estimate the composite Higgs potential.
Keywords : Composite Higgs; Higgs boson; Callan-Coleman-Wess-Zumino construction;
Standard Model.
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Notation
In this work we will use the natural units ~ = c = 1 where ~ = h/2pi with h the Planck
constant and c the velocity of light.
Greek indices µ and ν run over the four spacetime coordinate, usually taken as 0, 1, 2, 3.
The Einstein’s summation convention is used, i.e. indices that are repeated are summed
over.
L Lagrangian density, frequently called Lagrangian.
εαβγ Levi -Civita symbol.
The transpose of a matrix A is AT .
The complex conjugate of a matrix A is A∗.
The Hermitian adjoint of a matrix A is A† = A∗T .
(AaAd)c
b = ifabc is the adjoint representation.
1 is the identity matrix, or sometimes called a unit matrix.
Dirac conjugation is expressed by ψ = ψ†γ0.
+h.c is the addition of the Hermitian adjoint or complex conjugate.
The Pauli matrix are given by
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
.
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Chapter 1
Introduction
Experimental tests such as the discovery of the weak neutral interaction, the production
of the W and Z bosons, the recent discovery of a Higgs-like boson [1, 2], among another
data sets [3], confirm the extraordinary success of the Standard Model (SM) to explain
the interactions of the fundamental particles.
However some drawbacks observed experimentally (neutrino masses, baryon asymmetry
in the universe, dark matter), and other of theoretical type (strong Charge-Parity viola-
tion, electric charge quantization and the hierarchy or “naturalness” problem) require an
extension of the theory. We will focus on the Hierarchy problem 1, since in this thesis we
will study a scenario which addresses this problem.
1.1 Hierarchy problem
The problem stems out when we assume that the SM is an Effective Field Theory (EFT),
where the Lagrangian of the SM is generated at a smaller scale than that of the funda-
mental theory. If there is just the SM, then there is no naturalness problem, but as there
is no description of gravity in the SM and we expect gravity to kick in at a certain energy
(around the Planck scale MP ≈ 1019 GeV), we can consider the SM as an EFT.
Almost everything we see in Nature is described by d = 4 operators of the SM Lagrangian
(see Appendix A). In the SM however there is one operator of dimension d = 2, the
Higgs mass term. The coefficients in front of operators of dimension d are proportional to
1/Λd−4SM (Λ is the cut-off scale [4]). This means that the Higgs mass is enhanced by Λ
2
SM ,
1The first references to the problem are in [5] and [6, 7].
1
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so we can write the Higgs mass term as
kΛ2SMH
†H, (1.1)
where k is a numerical coefficient. Currently we know that the coefficient in front of H†H
in the SM is µ2 = m2H/2 = (89 GeV)
2, but if we take the SM cutoff as reference2 at
ΛSM ∼MGUT ∼ 1016 GeV then
k ∼ 10−28≪ 1. (1.2)
This enormous hierarchy is basically the Naturalness problem. This problem is sometimes
presented also as a problem of quadratic divergences, due to the fact that if we use the cut-
off regularization, the radiative corrections to the Higgs mass are quadratically divergent,
a feature not present when applying the dimensional regularization method. This does
not mean that the problem disappears (physics does not depend on the regularization
method), rather that it is a problem of quadratic divergences in the sense that if we
calculate the Renormalization Group Equation (RGE) for the running scalar mass3 we
obtain
µ
dm2
dµ
= −3λ
2
pi2
M2 + . . . (1.3)
It is apparent that a quadratic sensitivity to a heavy mass scale exists even in dimensional
regularization. For comparison, for a running fermion mass we have
µ
dmf
dµ
∝ mf , (1.4)
that is to say, there is no dependence on the details of the high energy theory at low energy.
On the other hand, effects analogous to Eq. (1.3) are obtained from the interactions with
vectors and scalar particles, so that the running scalar mass receives contributions from
the mass of all kinds of particle it couples to. In the Standard Model the problem is
present because we have an elementary scalar in the theory (the Higgs boson). With λ
and M constants we can write down a solution to (1.3), given by
m2 (Λ)−m2 (ΛEW ) = −3λ
2
pi2
M2 log
Λ
ΛEW
. (1.5)
2This cutoff of reference is not necessarily the cutoff of the new physics.
3We obtain this result from Lagrangian L = 12∂µφ∂µφ− m
2
2 φ
2 +λφψψ+ψ
(
i/∂ −M)ψ, with M  m,
but it is totally valid in the SM if this is considered as EFT.
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Let us see the consequences arising from the term M2. In order to do that we must change
a little bit the details pertaining to the high energy limit: M →M+δM . Then we obtain
m2 (ΛEW )→m2 (Λ) + 3λ
2
pi2
M2 log
Λ
ΛEW
+
6λ2
pi2
MδM log
Λ
ΛEW
=
[
m2 (ΛEW )
]
old
+
6λ2
pi2
MδM log
Λ
ΛEW
(1.6)
from which
δm2 (ΛEW ) = m
2 (ΛEW )−
[
m2 (ΛEW )
]
old
=
6λ2
pi2
M2 log
(
Λ
ΛEW
)
δM
M
. (1.7)
In this way, we can define the sensitivity of the observable δm2 (mpole) with respect to the
changes of the high energy, that is to say
δm2 (mpole)
m2pole
= ∆
δM
M
, (1.8)
where the sensitivity factor is
∆ =
6λ2
pi2
M2
m2pole
log
Λ
mpole
. (1.9)
We see that if ∆  1 ⇒ δm2 (mpole) /m2pole  1, which means that to small changes in
the high energy scale correspond large changes in the observables. This goes against the
conception of the effective field theory, which should not depend on the details of the high
energy theory.
The way to keep the large changes under control is by tuningm2 (Λ) against 6λ
2
pi2
M2 log Λ
ΛEW
(which are two unrelated quantities, in principle). This is the hierarchy problem in terms
of fine tuning.
In the case of SM, if we think of it as an effective field theory where we are integrating out
some states with mass MP , the Higgs field interacts with these states and we will have a
sensitivity factor given by
∆ =
const
16pi2
M2P
m2h,Pole
log
MP
mh,Pole
' 1031, (1.10)
so we have a huge tuning. This is the so-called fine tuning problem of the Standard Model.
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The composite Higgs scenario [8, 9] addresses the problem by considering the Higgs as
a low energy bound state of some more fundamental degree of freedom, so the RGE is
valid only up to the energy at which the more fundamental theory kicks in. From the
sensitivity factor, we can estimate the scale at which the New Physics should appear
without fine tuning, ∆ ' 1, with which Λ ' 1 TeV. The Large Hadron Collider can
test the TeV region and determine if scenarios like the composite Higgs are viable. In
addition to being a bound state, we will also require the Higgs boson to be a pseudo
Nambu-Goldstone boson to allow for its mass to be lower than the scale Λ ≈ 1 TeV at
which the bound state is formed. This is analog to what happens in low energy QCD:
typical bound states like protons and neutrons have masses mp,n ∼ Λcond ∼ 1 GeV, where
Λcond is the scale at which the QCD interaction is becoming strong. To allow for states
with masses m Λcond (as is the case for the pseudoscalar mesons), we need to interpret
them as pseudo Nambu-Goldstone bosons.
In this work, we will present two composite Higgs models and determine the modifications
with respect to the Standard Model. The work is organized as follows: in Chapter 2, we
express the idea of the composite Higgs scenario and we present the CCWZ formalism
necessary to construct effective theories Lagrangians. In Chapter 3, we will present the
minimal composite Higgs model in the coset SO (5) /SO (4) and we will show some of the
modifications respect to the SM. In Chapter 4, we will explore a non-minimal composite
Higgs scenario for the coset SO (6) /SO (5) and will see the consequences and modifications
when inserting one additional scalar field. In Chapter 5 we estimate the Higgs potential
to the two studied cosets, through the method of spurions. Finally, in Chapter 6, we offer
the conclusions of the study carried out.
Chapter 2
Composite Higgs models
In this chapter the composite Higgs scenario is presented. We mainly follow the presen-
tation given by [14].
The idea of a composite Higgs boson, which can be naturally lighter than other reso-
nances, was first pointed out by Georgi and Kaplan [8, 9]. The Higgs emerges as pseudo
Nambu-Goldstone boson (pNGB) of an enlarged global symmetry of the strong dynamics.
In the composite Higgs framework, there are three main ingredients.
The first ingredient is a “composite sector” which has a global Lie group of symmetries
G. This sector will deliver the Higgs as a bound state. The second ingredient is an “el-
ementary” sector, H, which is contained in G. This sector must contain all the known
particles. In addition, to produce NGB, G must be spontaneously broken to a subgroup
H. It is important to remember the Goldstone’s Theorem, which says
Goldstone’s Theorem. When a continuous global symmetry group G is broken down to
a subgroup H ⊂ G in which the broken generators do not leave the vacuum invariant, then
there will be a massless scalar for every broken generator, called Nambu-Goldstone Boson
(NGB).
The last ingredient is a Lagrangian of interaction, Lint, between the composite and the
elementary sector. Lint explicitly breaks G, with the breaking allowing the NGB’s to
acquire mass. Figure 2.1 summarizes the idea of the composite Higgs scenario.
5
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Figure 2.1: Composite Higgs scenario, with its main ingredients. Taken from [14].
2.1 Vacuum misalignment
The vacuum misalignment is a mechanism by which the Higgs boson can behave as if
it were elementary. To see this, let us consider the composite sector in isolation and
let us assume that it’s vacuum state is only invariant under H ⊂ G, so there will be
a spontaneous symmetry breaking G → H, and according to the Goldstone’s theorem
dimG−dimH NGB’s will appear in the coset G/H.
Let us keep in mind that the group G must be large enough so that it at least contains
one Higgs doublet in the coset, and the electro-weak group (EW) which is given by a Lie
symmetry group, GEW = SU (2)L × U (1)Y , is contained in H.
A basis for the Lie group is chosen with the generators TA ∈ G. The generators are
divided into two sets given by {
TA
}
=
{
T a, Tˆ aˆ
}
, (2.1)
where T a are the “unbroken” generators (a = 1, ..., dim [H]), and Tˆ aˆ are the “broken”
generators
(
aˆ = 1ˆ, ..., dim [G/H]) .
Taking one of the degenerate vacuums of G, a vacuum field configuration F is such that
T aF = 0, Tˆ aˆF 6= 0. (2.2)
As we will see in section 2.2, the G/H coset can be parametrized by
Φ = eiθ
aˆ(x)Tˆ aˆF , (2.3)
in which the NGB’s are fluctuations along the broken generators Tˆ aˆ. However the θ
fields are massless and their Vacuum Expectation Values, 〈θ〉, are not observable. This
is because by redefining the θ fields through the transformation Φ → exp
[
−i〈θaˆ〉Tˆ aˆ
]
Φ,
we can set up 〈θaˆ〉 = 0. To change this, G must be explicitly broken so that θ becomes a
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PNGB, with which
• θ develops a potential and then a VEV;
• 〈θ〉 becomes observable, with the physical effect of breaking GEW , thus causing the
breaking of the Electro-Weak symmetry (EWSB).
Geometrically 〈θ〉 represents the measurement of the angle by which the vacuum is mis-
aligned with respect to F , as depicted in Fig. 2.2 (case G = SO(3) and H = SO(2)).
From the figure, F is perpendicular to H, so it is orthogonal to GEW . So the projection
of F on the GEW plane control EWSB (for example the mass of the particles of the SM).
In other words, the scale of the EWSB is set by v = f sin〈θ〉, being f = |F | the scale of
spontaneous symmetry breaking G → H.
The striking issues of the composite Higgs scenario will only occur when the misalign-
ment angle is small 〈θ〉  1 which generates a gap between the f and v scale. The
aforementioned can be expressed as follows
ξ ≡ v
2
f 2
= sin2〈θ〉  1, (2.4)
and parameter ξ will always be present in the composite Higgs scenario. When v ∼ f
(which is to say ξ → 1), we have the case of a technicolor model [11]. Notice that for at
fixed v and taking the limit ξ → 0 (which would imply to send the scale f to infinity),
the composite sector is decoupled from the low energy degrees of freedom, leaving only
the Goldstone boson Higgs in the spectrum. Also, in this limit the theory is reduced to
the SM and the Higgs becomes elementary. Finally we can say that the composite Higgs
Figure 2.2: EWSB by means of vacuum misalignment, in the case SO (3)→ SO (2). Taken
from [14].
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theories have an adjustable parameter ξ which controls the deviations from the standard
Higgs model.
2.2 The CCWZ construction
Whenever a theory is characterized by a symmetry breaking pattern G → H, such that
H ⊂ G, the Callan-Coleman-Wess-Zumino (CCWZ) construction [10, 12] provides a sys-
tematic way to write effective Lagrangians that allow to manifest the symmetries of the
theory.
By the definition of coset, any element g [αA] ∈ G in a neighborhood of the identity can
be decomposed as
g [αA] = e
iαAT
A
= eifaˆ[α]Tˆ
aˆ · eifa[α]Ta , (2.5)
where T a and Tˆ aˆ are the unbroken and broken generators, respectively. This can be easily
seen by expanding the group elements up to first order in the {α} parameters
eiαAT
A
= ei(αaˆT
aˆ+αaTa) = 1 + iαaˆT
aˆ + iαaT
a +O (α2)
eifaˆ[α]Tˆ
aˆ · eifa[α]Ta = 1 + ifaˆT aˆ + ifaT a +O
(
faˆfa, f
2
aˆ , f
2
a
)
,
(2.6)
which allows us to conclude that
faˆ [α] = αaˆ +O
(
α2
)
,
faˆ [α] = αa +O
(
α2
)
.
(2.7)
Since the directions in the coset are in a one to one correspondence with the NGB’s, we
promote the corresponding parameters to dynamical fields. The NGB’s matrix is thus
given by
U [Π] = ei
√
2
f
Πaˆ(x)Tˆ
aˆ
. (2.8)
As the CCWZ construction manifest the symmetries of a theory, let us see the properties
of the Goldstone fields under G, H and G/H.
First, let us determine how U [Π] transforms under a generic element g ∈ G. To this end,
we use the decomposition of a generic group element, finding
gU [Π] = U [Πg]h [Π; g] ; h ∈ H, (2.9)
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or, equivalently,
U [Π]→ U [Πg] = gU [Π]h−1 [Π; g] . (2.10)
Because Π(g) has a non-linear dependency on Π, it is called a non-linear realization of G.
Now let us see how U [Π] transforms under H. For this we need the commutation relations
between generators T a, T aˆ. First
[
T a, T b
]
= ifabcT
c + i
fabcˆTˆ
cˆ ≡ T c (taAd)c b, (2.11)
with the previous relation following from fabcˆ = 0, since H is a subgroup. The next
relation is [
T a, Tˆ bˆ
]
= ifabˆ cˆTˆ
cˆ + i
fabˆcT
c ≡ Tˆ cˆ (tpia)cˆ bˆ, (2.12)
due to the fact that the structure constants f are completely antisymmetric and, from
(2.11), fabˆc = 0. The matrices tpi
a form the representation in which the NGB’s transform
under H . Finally [
Tˆ aˆ, Tˆ bˆ
]
= if aˆbˆcT
c + if aˆbˆ cˆT
cˆ. (2.13)
In the last relation both terms are present, where we have terms for the broken and
unbroken generators. If f aˆbˆcˆ = 0 the coset is called symmetric.
Continuing with the transformations of U [Π] under g ∈ H, namely for g = gH = eiαaTa ,
we have
gHU [Π] = gHebΠaˆTˆ
aˆ
, b = i
√
2
f
= gH
(
1 + bΠaˆTˆ
aˆ +
b2
2
ΠaˆΠbˆTˆ
aˆTˆ bˆ + · · ·
)
=
(
1 + bΠaˆgHTˆ aˆg−1H +
b2
2
ΠaˆΠbˆgHTˆ
aˆg−1H gHTˆ
bˆg−1H + · · ·
)
gH
= exp
[
i
√
2
f
ΠaˆgHTˆ aˆg−1H
]
gH.
(2.14)
Developing the expression gHTˆ aˆg−1H using the Baker–Campbell–Hausdorff formula
eiλABe−iλA = B + iλ [A,B] +
i2λ2
2!
[A, [A,B]] + · · · , (2.15)
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we have
gHTˆ aˆg−1H = e
iαbT
b
Tˆ aˆe−iαbT
b
= Tˆ aˆ + iαb
[
T b, Tˆ aˆ
]
+O (α2)
= Tˆ aˆ + iαbTˆ
cˆ
(
tpi
b
) aˆ
cˆ
+O (α2)
= Tˆ cˆ
(
δaˆcˆ + iαb
(
tpi
b
) aˆ
cˆ
)
+O (α2)
= Tˆ cˆ
[
exp
(
iαbt
b
pi
)] aˆ
cˆ
.
(2.16)
Using the previous result and comparing with Eq. (2.9), we have
gHU [Π] = exp
[
i
√
2
f
Tˆ cˆ
[
exp
(
iαbt
b
pi
)] aˆ
cˆ
Πaˆ
]
gH
= U
[
eiαat
a
pi Π
]
gH,
(2.17)
from which we see that Π transforms under g ∈ H as
Πaˆ → Π (gH)aˆ =
(
eiαat
a
pi
) bˆ
aˆ
Πbˆ. (2.18)
So under H we have linear transformations of the Goldstones, unlike what happens for
generic G transformations.
Finally, it is not possible to obtain an exact form for the transformation under G/H, but
an infinitesimal expression can be determined instead. Let us assume an infinitesimal
element of G/H, which is defined by gG/H ' 1 + iαaˆTˆ aˆ, U [Π] transforms as
gG/HU [Π] =
(
1 + iαaˆTˆ
aˆ +O (α2))(1 + i√2
f
ΠaˆTˆ
aˆ +O
(
Π2
f
))
= 1 + i
√
2
f
Tˆ aˆ
(
Πaˆ +
f√
2
αaˆ +O
(
α
Π2
f
+ α
Π3
f 2
+ · · ·
))
,
(2.19)
from which we see that Π transforms as
Πaˆ → Π(gG/H)aˆ = Πaˆ +
f√
2
αaˆ +O
(
α
Π2
f
+ α
Π3
f 2
+ · · ·
)
. (2.20)
This “shift symmetry” is responsible for the absence of non-derivative terms in the Gold-
stone Lagrangian.
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With the above we see that in the CCWZ construction, U [Π] is the main element to
construct a Lagrangian invariant under G. To introduce derivatives in the Lagrangian we
introduce the d and e symbols through the Maurer-Cartan one form, which is built with
U [Π], that is to say
iU [Π]−1 ∂µU [Π] = dµ,aˆ [Π] Tˆ aˆ + eµ,a [Π]T a ≡ dµ + eµ. (2.21)
Using (2.10) the one-form transforms as
iU [Π]−1 ∂µU [Π]→ ih [Π; g]U [Π]−1 g−1∂µ
(
gU [Π]h−1 [Π; g]
)
= h [Π; g]
(
iU [Π]−1 ∂µU [Π]
)
h [Π; g]−1 + ih [Π; g] ∂µh [Π; g]
−1 .
(2.22)
In terms of d and e symbols, we have
iU [Π]−1 ∂µU [Π]→ h [Π; g] (dµ + eµ)h [Π; g]−1 + ih [Π; g] ∂µh [Π; g]−1
= h [Π; g] dµh [Π; g]
−1 + h [Π; g] (eµ + i∂µ)h [Π; g]
−1 .
(2.23)
The association of eµ with the derivative is due to the fact that the term ih∂µh
−1 is a one
form associated with h and is decomposed on the H Lie algebra that has no components
in the broken generators. Thus, dµ and eµ transform under any group element g ∈ G as
dµ → h [Π; g] dµh [Π; g]−1
eµ → h [Π; g] (eµ + i∂µ)h [Π; g]−1 .
(2.24)
Using (2.15) the transformation of the d symbol is written in components
dµ,aˆ → d(g)µ,aˆ =
(
eiζa[Π;g]t
a
pi
) bˆ
aˆ
dµ,bˆ. (2.25)
Given the transformation of dµ and using the cyclic property of the trace, we see that
Tr (dµd
µ)→ Tr (h [Π; g] dµh [Π; g]−1 h [Π; g] dµh [Π; g]−1)
= Tr
(
h [Π; g] dµd
µh [Π; g]−1
)
= Tr
(
h [Π; g]−1 h [Π; g] dµdµ
)
= Tr (dµd
µ) .
(2.26)
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Since dµ,aˆ transforms as the Goldstone bosons and eµ,a transforms as a gauge field (with
H as the local group gauge), we can construct invariant operators under G combining the
symbols dµ,aˆ, eµ,a and its derivatives. For example the lowest dimensional term without
no other fields than the Goldstone bosons is 1
L(2) = f
2
4
daˆµd
µ
aˆ , (2.27)
which is of dimension two in energy because the dµ symbol is of dimension one in energy,
and the 1/4 factor allows us to obtain the canonical Goldstone kinetic term.
1The Lagrangian of the dimension four involves the terms: [Tr (dµd
µ)]
2
, Tr (dµdνd
µdν), Tr (dµd
µdνd
ν),
Tr (dµd
ν) · Tr (dµdν).
Chapter 3
The minimal composite Higgs model
SO(5)/SO(4)
In this chapter we make use of the ideas of the composite Higgs scenario and the CCWZ
construction. To have a model of EWSB we must take into account that we need four
NGB in order to form a complex Higgs doublet, and that GEW must be contained in the
subgroup H. The pattern SO(N) → SO(N − 1) provides N − 1 NGB according to the
Goldstone’s theorem, so for SO(5) → SO(4) we get the four NGB needed to form the
Higgs doublet. Since SO(4) is isomorphic to SU(2)L × SU(2)R 1(both groups have the
same number of generators and it can be shown that they have the same algebra at a
local level), we can embed the GEW group in SO(4) by identifying the global SU(2)L with
the gauged one and the third generator of SU(2)R with the hypercharge.
3.1 Group generators and dµ symbol
In the fundamental representation 5 of the SO(5) algebra the 10 generators are given by
T a =
TαL =
tαL 0
0 0
 , TαR =
tαR 0
0 0
 , (3.1)
(
Tˆ k
)
IJ
= − i√
2
(
δkI δ
5
J − δkJδ5I
)
, (3.2)
1For a proof see [13, 14]
13
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with the generators tαL,R defined by
(tαL)kj = −
i
2
[
εαβγδ
β
k δ
γ
j +
(
δαk δ
4
j − δαj δ4k
)]
,
(tαR)kj = −
i
2
[
εαβγδ
β
k δ
γ
j −
(
δαk δ
4
j − δαj δ4k
)]
,
(3.3)
where the indices take values α, β, γ = 1, 2, 3 and k, j = 1, 2, 3, 4. With the broken genera-
tors Eq. (3.2), we can calculate the Goldstone matrix, and using the CCWZ construction
we compute the non-linear Lagrangian of order 2 Eq. (2.27). With this purpose the
Maurer-Cartan form (2.21) is multiplied by Tˆ bˆ and the trace is taken, that is to say
Tr
(
iU [Π]−1 ∂µU [Π] Tˆ bˆ
)
= dµ,aˆ Tr
[
Tˆ aˆTˆ bˆ
]
+ eµ,a Tr
[
T aTˆ bˆ
]
. (3.4)
Using the fact that Tr
[
Tˆ aˆTˆ bˆ
]
= δaˆ,bˆ and Tr
[
T aTˆ bˆ
]
= 0, we obtain
dµ,aˆ = Tr
(
iU [Π]−1 ∂µU [Π] Tˆ aˆ
)
. (3.5)
The computation of the NGB’s matrix, its inverse and of ∂µU [Π] is presented in Appendix
B. After some algebra, we find
diµ =
√
2
[
1
2
(
1
Π
sin
Π
f
− 1
f
)
Πi
Π2
∂µΠ
2 − 1
Π
sin
Π
f
∂µΠ
i
]
. (3.6)
From (3.6), we can calculate the invariant term in the Lagrangian
diµd
µ
i =
1
2Π4
(
Π2
f 2
− sin2 Π
f
)
∂µΠ
2∂µΠ2 +
2
Π2
sin2
Π
f
∂µΠ
T∂µΠ. (3.7)
Finally, the 2-derivative non-linear Lagrangian is
L(2) = f
2
4
dµ,id
µ,i =
f 2
2Π2
sin2
Π
f
∂µΠ
T∂µΠ +
f 2
8Π4
(
Π2
f 2
− sin2 Π
f
)
∂µΠ
2∂µΠ2. (3.8)
This is a general equation which holds for any SO(N)→ SO(N − 1) breaking pattern.
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3.2 Gauge Lagrangian
In the construction of the Gauge Lagrangian the ordinary derivative is promoted to covari-
ant by gauging four generators of SO(4) (three for tαL and one for t
3
R). To such generators
correspond the couplings g and g′ respectively, and we can write
DµΠ =
(
∂µ − igWµ,ataL − ig′Bµt3R
)
Π. (3.9)
The fact that only 4 generators out of 6 are gauged causes the explicit breaking of the
symmetry. We can identify the Higgs with the Π components by writing explicitly the 4
of SO(4) as a (2,2) of SU(2)L × SU(2)R. This is done writing
Σ =
1√
2
(
iσαΠ
α + 12Π
4
)
=
1√
2
σ¯jΠ
j; σ¯j = {iσα,12}.
=
1√
2
 Π4 + iΠ3 Π2 + iΠ1
−Π2 + iΠ1 Π4 − iΠ3
 , (3.10)
where Σ is pseudo-real matrix and σα are the Pauli’s matrix. In this (2,2) representation
of the 4 components of Π, we have a Higgs doublet H with 1/2 of hypercharge, its
components being
H =
hu
hd
 = 1√
2
Π2 + iΠ1
Π4 − iΠ3
 . (3.11)
Notice that
iσ2H
∗ = Hc =
1√
2
 Π4 + iΠ3
−Π2 + iΠ1
 , (3.12)
then
Σ = (Hc, H) . (3.13)
With the correspondence between the four components of the real vector Π and the
complex Higgs doublet, from the expression (3.11) we have
DµH
†DµH =
1
2
DµΠjD
µΠj =
1
2
DµΠ
T ·DµΠ,
H†H = |H|2 = 1
2
ΠjΠ
j =
1
2
Π2,
(3.14)
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in such a way that the Lagrangian (3.8) becomes
L(2) = f
2
2|H|2 sin
2
√
2|H|
f
DµH
†DµH +
f 2
8|H|4
(
2
|H|2
f 2
− sin2
√
2|H|
f
)(
∂µ|H|2
)2
, (3.15)
where the covariant derivative of the H doublet is given in Eq. (A.9) in the Appendix.
Yang-Mills kinetic terms are also introduced in the theory by the following Lagrangian
LG = −1
4
W aµνW
µν
a −
1
4
BµνB
µν . (3.16)
From now on, we will assume the Higgs doublet to develop a VEV; a sketch of the
properties of the Higgs potential will be presented in Chapter 6. Using the unitary gauge
defined in Appendix A we can determine the implications of (3.15). The unitary gauge
for the Higgs doublet is in this case
H =
1√
2
 0
V + h (x)
 , (3.17)
where V is the vacuum expectation value (VEV) of the Higgs and h(x) is the quantum
fluctuation (physical Higgs) around the VEV. The unitary gauge implies
|H|2 = 1
2
(V + h)2 , ∂µ|H|2 = (V + h) ∂µh, (3.18)
and we obtain
DµH
†DµH =
1
2
[
∂µh∂
µh+
g2
2
(V + h)2W−µ W
µ
+ +
g2z
4
(V + h)2 ZµZ
µ
]
,
g2z = g
2 + g′2.
(3.19)
Writing Eq. (3.15) in the unitary gauge, we obtain
L(2) = f
2
2 (V + h)2
sin2
V + h
f
[
∂µh∂
µh+
g2
2
(V + h)2W−µ W
µ
+ +
g2z
4
(V + h)2 ZµZ
µ
]
+
f 2
2 (V + h)2
[
(V + h)2
f 2
− sin2 V + h
f
]
∂µh∂
µh (3.20)
=
1
2
∂µh∂
µh+
g2
4
f 2 sin2
V + h
f
[
W−µ W
µ
+ +
1
2c2w
ZµZ
µ
]
,
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where W and Z are the SM gauge bosons, cw is the cosine of the Weinberg angle, which
relates the couplings g and g′ by cos θw = g/
√
g2 + g′2. We can immediately read the
gauge bosons masses, which result
mW = cwmZ =
1
2
gf sin
V
f
≡ 1
2
gv. (3.21)
From low energy experiments, in particular the muon decay rate, we can measure the
Fermi coupling constant with great accuracy, GF = 1.1663787(6)× 10−5GeV−2 [3]. Since
we know that in the Fermi theoryGF =
√
2g2/8m2W we have, v =
(√
2GF
)−1/2 ' 246 GeV.
Recalling that ρ = m2W/(cwmz)
2, from Eq. (3.21), we see that in this model the tree-
level relation ρ = 1 is respected. The reason for that is that the custodial symmetry is
still present when EWSB occurs, since the VEV causes SO(4) → SO(3) ' SU(2) (see
Appendix A.2).
Given the non-linear form of the Lagrangian, there are infinite interactions between the
gauge fields and the Higgs field. We can see this by expanding in Taylor series around
h = 0
f 2 sin2
V + h
f
≈f 2 sin2 V
f
+
(
2fh− 4h
3
3f
)
sin
V
f
cos
V
f
+
(
h2 − h
4
3f 2
)(
1− 2 sin2 V
f
)
+ · · · .
(3.22)
Using the definition Eq. (2.4), the expansion is written as
f 2 sin2
V + h
f
≈v2
{
1 + 2
√
1− ξh
v
+ (1− 2ξ) h
2
v2
− 4
3
ξ
√
1− ξh
3
v3
− (1− 2ξ) ξ
3
h4
v4
+ · · ·
}
.
(3.23)
Finally we have
L(2) =1
2
∂µh∂
µh+
g2
4
v2
[
W−µ W
µ
+ +
1
2c2w
ZµZ
µ
]
+
g2
4
v2
[
W−µ W
µ
+ +
1
2c2w
ZµZ
µ
]{
2
√
1− ξh
v
+ (1− 2ξ) h
2
v2
− 4
3
ξ
√
1− ξh
3
v3
− (1− 2ξ) ξ
3
h4
v4
+ · · ·
}
.
(3.24)
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We see from Eq. (3.24) that the couplings of the composite Higgs to the gauge boson are
modified with respect to the SM by
gCHhV V
gSMhV V
=
√
1− ξ, g
CH
hhV V
gSMhhV V
= 1− 2ξ. (3.25)
When ξ → 0, we recover the couplings of the SM and the interactions of the Higgs with
the gauge bosons with powers of h ≥ 3 are eliminated. In this limit the composite Higgs is
considered as elementary. Given that the current measurements of the Higgs interactions
at the LHC allow for deviations from the SM coupling up to about 20%, we get from Eq.
(3.25) the bound ξ ≤ 0.4.
3.3 Fermions in the model
To implement the fermions in the model and their interactions with the Higgs, the so-
called “partial compositeness” ansatz is used [15], where the fermions are incorporated as
elementary fields external to the composite sector. The terms of interaction are linear in
the fermions and the composite sector operators OL,RF are fermionic. The interactions are
given by
LInt = λtLqLOLF + λtRtRORF + · · · , (3.26)
plus similar terms for the other quarks. However, there is one detail to be considered;
the representations of the fermionic operators must be specified under the global group
G since the elementary/composite interactions occur at a large scale, far from where
the spontaneous breaking G → H occurs. At that scale the operators are classified in
multiplets of the unbroken group. This reflects on the ambiguity of choosing the SO(5)
representations of OL,RF in the construction of the model. From now on during this
discussion, the fundamental representation of the global group will be used2.
Under GEW the multiplet must contain the representations of the quarks of the standard
model, 21/6, 12/3 and 1−1/3 (see Appendix A). But if GEW is completely incorporated in
SO(5), the representations of the quarks do not exist because the hypercharge of the SM
fermions is not reproduced. Therefore an extension of the symmetry group is required,
and it is achieved by adding a new factor U(1)X which is unbroken, so the breaking
2The embedding in the spinorial 4 is presented in [18]. Some comments on the representations 10 and
14 are given in [14]
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pattern3 will be
SO (5)× U (1)X → SO (4)× U (1)X . (3.27)
The hypercharge is now defined as
Y = T 3R +X. (3.28)
Choosing X = 2/3 as U(1)X charge, the fundamental representation 5 of SO(5) decom-
poses as follows under SO(4) and SU(2)L × U(1)Y
52/3 → 42/3 ⊕ 12/3 → 27/6 ⊕ 21/6 ⊕ 12/3, (3.29)
where the subscripts in the second term is the X charge, while it is the hypercharge in
the last term. As it can be seen, the last two terms can be identified with qL and tR. The
embedding of tR is
TR = {0, 0, 0, 0, tR}T = {0, tR}T , (3.30)
so the interaction is conveniently expressed as
LtRInt = λtRtR
(ORF )5 + h.c. = λtR (TR)I (ORF )I + h.c. (3.31)
For such interaction to be formally invariant, TR must transform like ORF under SO(5),
that is to say
(TR)I → g JI (TR)J . (3.32)
To convert the source TR to a multiplets of SO(4), we “dress” the source with U [Π]
−1,
defining
{T 4R, T 1R}T = U [Π]−1 · TR. (3.33)
Using equation (B.16) of the Appendix, we obtain
U [Π]−1 · TR = tR
[
−Π
Π
sin
Π
f
, cos
Π
f
]T
, (3.34)
3The unbroken color SU(3)c group must also be added. Then the complete group is
SO(5)×U(1)X × SU(3)c.
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from which
T 4R = −tR
Π
Π
sin
Π
f
, T 1R = tR cos
Π
f
. (3.35)
In this way we have two different representations that belong to SO(4), namely
T 4R ∈ 42/3, T 1R ∈ 12/3. (3.36)
In the same way we write the qL interaction as
LqLInt = λtL
(
QtL
)I (OLF )I + h.c. (3.37)
Now to determine the form of QtL , we can proceed as in Eq. (3.10), writing
Ψ =
1√
2
(
ψ4 + iσαψ
α
)
=
1√
2
σjψ
j
=
1√
2
ψ4 + iψ3 iψ1 + ψ2
iψ1 − ψ2 ψ4 − iψ3
 ≡
Ψu− Ψu+
Ψd− Ψ
d
+
 . (3.38)
The Ψ− and Ψ+ fields are SU(2)L doublets with hypercharge ∓1/2 respectively. From Eq.
(3.38) we get the up and down components of the two doublets in terms of the fourplet
fields, which are
ψ1 = − i√
2
(
Ψu+ + Ψ
d
−
)
, ψ2 =
1√
2
(
Ψu+ −Ψd−
)
ψ3 =
i√
2
(
Ψd+ −Ψu−
)
, ψ4 =
1√
2
(
Ψd+ + Ψ
u
−
)
.
(3.39)
Then the fourplet components are written in terms of Ψu,d± as
ψ =
1√
2
{−iΨu+ − iΨd−,Ψu+ −Ψd−, iΨd+ − iΨu−,Ψd+ + Ψu−}T . (3.40)
Since the qL doublet has hypercharge 1/6, we project the QtL source on the T
3
R = −1/2
doublet (see Eq. (3.28)), that is to say qL = Ψ− (Ψu+ = Ψ
d
+ = 0). So the qL doublet is
embedded in the fourplet as
qL− =
1√
2
{−ibL,−bL,−itL, tL}T , (3.41)
CHAPTER 3. THE MINIMAL COMPOSITE HIGGS MODEL SO(5)/SO(4) 21
and the multiplet is given by
QtL = {qL− , 0}T . (3.42)
To convert the SO(5) representation to a SO(4) representation, we dress QtL with U [Π]
−1,
obtaining
{Q4tL , Q1tL}T = U [Π]−1 ·QtL =
[1− (1− cos Πf ) Π·ΠTΠ2 ] · qL−(
ΠT
Π
sin Π
f
)
· qL−
 , (3.43)
where
Q4tL =
[
1−
(
1− cos Π
f
)
Π ·ΠT
Π2
]
· qL− , Q1tL =
(
ΠT
Π
sin
Π
f
)
· qL− . (3.44)
So we get two new objects of SO(4), namely
Q4tL ∈ 42/3, Q1tL ∈ 12/3. (3.45)
From the contractions of Q4tL with T
4
R and Q
1
tL
with T 1R two invariants can be formed.
However, these invariants are not independent, as it can be easily seen from
(
Q
4
tL
)j (
T 4R
)
j
+Q
1
tL
T 1R =
(
QtL
)I
(TR)I = 0, (3.46)
since the embeddings are orthogonal. The simplest invariant can thus be obtained from
the singlets only,
Q
1
tL
T 1R = cos
Π
f
sin
Π
f
qL− ·
Π
Π
tR =
1
2Π
sin
2Π
f
(
tL, bL
) 1√
2
Π4 + iΠ3
iΠ1 − Π2
 tR
=
1
2Π
sin
2Π
f
qLH
ctR =
1
2
√
2|H| sin
2
√
2|H|
f
qLH
ctR.
(3.47)
We thus obtain a generalized top Yukawa Lagrangian of the form
LtYuk = −ct
λtLλtR
g2∗
m∗Q
1
tL
T 1R + h.c.
= −ctλtLλtR
g2∗
m∗
1
2
√
2|H| sin
2
√
2|H|
f
qLH
ctR + h.c.,
(3.48)
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where the couplings λtL and λtR represent the interaction of the sources QL and TR with
the composite sector. The scale of the composite sector is given by m∗, which guarantees
the correct dimensionality of the operator, and we add a free parameter ct, with λtL , λtR
and ct ∈ R.
Now, when the Higgs is set to its VEV we obtain
LMass = −ctλtLλtR
g2∗
m∗
1
2V
sin
2V
f
(
tL, bL
) V√2
0
 tR + h.c
= −ctλtLλtR
g2∗
m∗
1√
2
sin
V
f
cos
V
f
tLtR + h.c
= −ctλtLλtR
g2∗
m∗
√
ξ (1− ξ)
2
tt,
(3.49)
from which we can read the top mass
mt = c
tλtLλtR
g2∗
m∗
√
ξ (1− ξ)
2
. (3.50)
Using this expression for mt and the unitary gauge, the Yukawa Lagrangian of Eq. (3.48)
becomes
LtYuk = −ct
λtLλtR
g2∗
m∗
1
2 (V + h)
sin
2 (V + h)
f
(
tL, bL
)V+h√2
0
 tR + h.c
= −ctλtLλtR
g2∗
m∗
1
2
√
2
sin
2 (V + h)
f
tLtR + h.c
= −mt
2
1√
ξ (1− ξ) sin
2 (V + h)
f
tt.
(3.51)
Now by Taylor-expanding the function sin 2(V+h)
f
around h = 0, that is to say
sin
2 (V + h)
f
' 2 sin V
f
cos
V
f
+
2h
f
(
1− 2 sin2 V
f
)
− 8
2!f 2
sin
V
f
cos
V
f
+ · · ·
' 2
√
ξ (1− ξ) + 2h
v
(1− 2ξ)
√
ξ − 4h
2
v2
√
ξ (1− ξ)ξ + · · · ,
(3.52)
we get
LtYuk = −mttt− k5t
mt
v
htt− c52
mt
v2
h2tt+ · · · (3.53)
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In addition to the top mass term, there are different top interactions with the Higgs,
being the first one similar to the SM one. The difference is the modified coupling strength
k5t . The second term with the coefficient c
5
2 represents the interaction of the top with
two Higgses. Producing a five dimension vertex, such interaction is not present in the
SM. The superscript 5 accounts for the representation of embedding the operators. The
coefficients are given by
k5t =
1− 2ξ√
1− ξ , c
5
2 = −2ξ. (3.54)
In the limit ξ → 0, the couplings reduce to the SM, namely k5t → 1 and c52 → 0.
For the bottom quark sector the procedure is completely analogous. Choosing X = −1/3,
5−1/3 decomposes under SO(4)× U(1)X and SU(2)L × U(1)Y as
5−1/3 → 4−1/3 ⊕ 1−1/3 → 21/6 ⊕ 2−5/6 ⊕ 1−1/3. (3.55)
The interactions are written as
LbInt = λbL
(
QbL
)I (ObLF )
I
+ λbR
(
BR
)I (ObRF )
I
, (3.56)
where ObLF and ObRF are respectively in the 21/6 and 1−1/3 of the SM group. An embedding
of bR is made in the 5 of SO(5)
BR = {0, 0, 0, 0, bR}T , (3.57)
and unlike what happens in the top sector, the source QbL is chosen to project on the
T 3R = 1/2 doublet, namely qL = Ψ+ (Ψ
u
− = Ψ
d
− = 0), so that
qL+ =
1√
2
{−itL, tL, ibL, bL}T . (3.58)
Then the new source fields are given by
QbL = {qL+ , 0}T
BR = {0, bR}T .
(3.59)
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Performing the dressing process with U [Π]−1, we obtain the following multiples of SO(4)
Q4bL =
[
1−
(
1− cos Π
f
)
Π ·ΠT
Π2
]
· qL+ , Q1bL = sin
Π
f
ΠT
Π
· qL+ ,
B4R = −bR
Π
Π
sin
Π
f
, B1R = bR cos
Π
f
.
(3.60)
With these multiplets we can form invariants. A generalized down-type Yukawa La-
grangian is given by
LbYuk = −cb
λbLλbR
g2∗
m∗Q1bLB
1
R + h.c.
= −cbλbLλbR
g2∗
m∗
1
2
√
2|H| sin
2 (V + h)
f
qLHbR + h.c.
(3.61)
Setting the Higgs to its VEV, Eq. (3.61) becomes
LMass = −cbλbLλbR
g2∗
m∗
1√
2
sin
V
f
cos
V
f
bLbR + h.c
= −cbλbLλbR
g2∗
m∗
√
ξ (1− ξ)
2
bb = −mbbb,
(3.62)
where the bottom mass is
mb = c
tλbLλbR
g2∗
m∗
√
ξ (1− ξ)
2
. (3.63)
After going to the unitary gauge and doing a Taylor expansion around h = 0, we have
LbYuk = −mbbb− k5b
mb
v
hbb+ · · · (3.64)
Unlike in the SM case, there is a modified coupling, k5b , in the bottom-Higgs interaction
given by
k5b =
1− 2ξ√
1− ξ . (3.65)
The vertices of dimensions greater than or equal to 5 are suppressed due to the small
bottom mass. The model discussed in this chapter is called the “Minimal Composite
Higgs Model” in the representation 5 (MCHM5), since it provides the minimum number
of pNGB Higgs fields, besides obeying the custodial symmetry4.
4Another minimal possibility would be SU(3) → SU(2) × U(1), but it lacks the custodial symmetry
so it must be discarded.
Chapter 4
The Non-Minimal Composite Higgs
Model SO(6)/SO(5)
In the last chapter, we applied the CCWZ formalism to the construction of the MCHM.
In this chapter we will instead deal with the pattern of spontaneous symmetry breaking
SO(6)→ SO(5), which provides five NGB’s in the coset SO(6)/SO(5). In addition to the
four NGB’s needed to form the Higgs doublet, we have an additional gauge singlet scalar
field, which under certain conditions has been used as Dark Matter candidate [16]. These
types of models are known as non-minimal and denoted by NMCHM [17].
4.1 From NBG’s to Higgs doublet
As the L(2) Lagrangian of Eq. (3.8) is valid for any coset SO(N)/SO(N − 1), we have in
this case that the NGB’s vector of Eq. (3.8), is given by
ΠT = [Π1,Π2,Π3,Π4, ζ]
T = [G, ζ]T ,
GT = [Π1,Π2,Π3,Π4]
T ,
(4.1)
where G contains the NGB’s that we associate with the Higgs doublet. To make such a
correspondence, let us see how Π transforms under SU (2)L × SU (2)R transformations,
that is to say
Π→ eiαLa taLΠ ' (1 + iαLa taL +O (α2))Π⇒ δLΠ = iαLa taLΠ
Π→ eiαRa taRΠ ' (1 + iαRa taR +O (α2))Π⇒ δRΠ = iαRa taRΠ, (4.2)
25
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where taL and t
a
R are 5× 5 matrices given by
taL =
XaL 0
0 0
 , taR =
XaR 0
0 0
 , (4.3)
and XaL, X
a
R can be found in Eq.(3.3). In what follows, it will prove convenient to use the
following unitary matrix
P =

0 0 i 1 0
i −1 0 0 0
i 1 0 0 0
0 0 −i 1 0
0 0 0 0
√
2

, (4.4)
to transform to a basis in which the form of the generators is simpler [19]. The basis is
obtained by the similarity transformation
T aL,R = Pt
a
L,RP
−1. (4.5)
Applying a transformation to the Π vector under P we obtain
Π
P→ Π′ = 1√
2

Π4 + iΠ3
−Π2 + iΠ1
Π2 + iΠ1
Π4 − iΠ3√
2ζ

, (4.6)
while Eq. (4.5) explicitly gives
T 1L =
1
2

σ1 0 0
0 σ1 0
0 0 0
 , T 2L = 12

σ2 0 0
0 σ2 0
0 0 0
 ,
T 3L =
1
2

σ3 0 0
0 σ3 0
0 0 0
 , T 3R = 12

−1 0 0
0 1 0
0 0 0

(4.7)
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We see that the similarity transformation is particularly useful because it makes explicit
the correspondence SO(4) ' SU(2)L × SU(2)R. Therefore the left and right transforma-
tions are
δLΠ
′ =i
(
αL1 T
1
L + α
L
2 T
2
L + α
L
3 T
3
L
)
Π′
=
1
2
√
2

−αL1 Π1 + αL2 Π2 − αL3 Π3 + i
(−αL1 Π2 + αL2 Π1 + αL3 Π4)
−αL1 Π3 − αL2 Π4 + αL3 Π1 + i
(
αL1 Π4 − αL2 Π3 + αL3 Π2
)
αL1 Π3 + α
L
2 Π4 − αL3 Π1 + i
(
αL1 Π4 − αL2 Π3 + αL3 Π2
)
−αL1 Π1 − αL2 Π2 − αL3 Π3 + i
(
αL1 Π2 − αL2 Π1 − αL3 Π4
)
0

, (4.8)
δRΠ
′ =iαR3 T
3
RΠ
′ =
αR3
2
√
2

Π3 − iΠ4
Π1 + iΠ2
−Π1 + iΠ2
Π3 + iΠ4
0

=

Π′†0
Π′†+
Π′+
Π′0
0

, (4.9)
from which it is already clear that the new NGB ζ is a gauge singlet.
Taking into account that the Higgs doublet, given by Eq. (A.8) in the Appendix, trans-
forms under SU(2)L × U(1)Y as
δLH =
i
2
αLaσ
aH =
1
2
√
2
αL2H4 − αL3H1 − αL1H3 + i (αL1H4 + αL2H3 + αL3H2)
αL3H3 − αL1H1 − αL2H2 + i
(
αL1H2 − αL2H1 − αL3H4
)
 ,
δYH =
i
2
β1H =
β
2
√
2
−H1 + iH2
−H3 + iH4
 =
δYH+
δYH0
 ,
(4.10)
and matching the components Π′+ and Π
′
0 to δYH+ and δYH0 respectively, we get
−Π1 + iΠ2 = −H1 + iH2 ⇒ Π1 = H1, Π2 = H2,
Π3 + iΠ4 = −H3 + iH4 ⇒ Π3 = −H3, Π4 = H4.
(4.11)
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We thus obtain
δLΠ
′ =

δLH
†
0
δLH
†
+
δLH+
δLH0
0

, (4.12)
and the correspondence between the NGB’s and the fields in the Higgs doublet is
H =
1√
2
Π2 + iΠ1
Π4 − iΠ3
 , (4.13)
which is the same correspondence obtained for the case of the minimal model Eq. (3.11),
for which some of the expressions of Chapter 3 still hold true in this case.
4.2 Kinetic and Gauge Lagrangians
Due to the presence of the field ζ, the product of ordinary derivatives of the NGB’s field
vector is modified to
∂µΠ
T∂µΠ = ∂µG
T∂µG+ ∂µζ∂
µζ, (4.14)
and again, the explicit break of the Goldstone symmetry is performed by gauging, which
transforms the ordinary derivatives into covariant derivatives
∂µG→ DµG = (∂µ − igW µa taL − ig′Bµt3R)G. (4.15)
Now, combining the latter along with the correspondence obtained between the NGB’s
and the Higgs doublet fields, we get
∂µΠ
T∂µΠ⇒ 2D†µHDµH + ∂µζ∂µζ, Π2 = 2H†H + ζ2. (4.16)
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With the above equations, we can write the non-linear Lagrangian for the SO(6)→ SO(5)
breaking pattern, which will be
L(2) = f
2
2 (2|H|2 + ζ2) sin
2
√
2|H|2 + ζ2
f
(
2D†µHD
µH + ∂µζ∂
µζ
)
+
f 2
8 (2|H|2 + ζ2)2
(
2|H|2 + ζ2
f 2
− sin2
√
2|H|2 + ζ2
f
)(
∂µ
(
2|H|2 + ζ2))2 . (4.17)
Let us see the implications of L(2) in this case. We go to the unitary gauge and we expand
ζ around a possible VEV, ζ = η(x) + N (N being the VEV of the field ζ) such that the
Lagrangian L(2) will be
L(2) =F1 (h, η) ∂µh∂µh+ F2 (h, η) ∂µη∂µη + F3 (h, η) ∂µh∂µη
+
f 2g2 (V + h)2
4
[
(V + h)2 + (η +N)2
] sin2
√
(V + h)2 + (η +N)2
f
[
|Wµ|2 + 1
2c2w
Z2µ
]
,
(4.18)
where
F1 =
1
2
{
1− N
2
(V + h)2 + (N + η)2
+
N2f 2[
(V + h)2 + (N + η)2
]2 sin2
√
(V + h)2 + (η +N)2
f
}
, (4.19)
F2 =
1
2
{
N2
(V + h)2 + (N + η)2
− f
2N2[
(V + h)2 + (N + η)2
]2 sin2
√
(V + h)2 + (η +N)2
f
+
f 2
(V + h)2 + (N + η)2
sin2
√
(V + h)2 + (η +N)2
f
}
, (4.20)
F3 =
(V + h) (η +N)
(V + h)2 + (η +N)2
− f
2 (V + h) (η +N)[
(V + h)2 + (η +N)2
]2 sin2
√
(V + h)2 + (η +N)2
f
. (4.21)
Thus we can read the vector boson masses as
mW = cwmZ =
1
2
g
V√
V 2 +N2
f sin
√
V 2 +N2
f
, (4.22)
CHAPTER 4. THE NON-MINIMAL COMPOSITE HIGGS MODEL SO(6)/SO(5) 30
where, to make contact with the usual notation, we can define the ElectroWeak VEV as
v =
V√
V 2 +N2
f sin
√
V 2 +N2
f
. (4.23)
Notice that if ζ is to be a dark matter candidate we need to guarantee that N = 0, and
we go back to the same EW scale as in the MCHM.
From F3 (h, η) we see that h and η are not physical eigenstates, because there is a kinetic
mixing. To remove such terms, we note that the Lagrangian can be written as
L(2) =
(
∂µh ∂µη
) F1 F32
F3
2
F2

︸ ︷︷ ︸
O
λ+ 0
0 λ−
OT
∂µh
∂µη
+ · · · , (4.24)
with O the orthogonal matrix that diagonalize the kinetic mixing matrix, such that∂µh′
∂µη′
 = OT
∂µh
∂µη
 . (4.25)
The diagonalization is done by evaluating the functions F1, F2, and F3 at (0, 0) point.
The matrix O, and the eigenvalues λ+ and λ− are given by
O = 1√
V 2 +N2
V −N
N V
 , (4.26)
λ+ =
1
2
, λ− =
v2
2V 2
, (4.27)
from which we have
L(2) = λ+∂µh′∂µh′ + λ−∂µη′∂µη′ + · · · (4.28)
We can next redefine the h′ and η′ fields as
h′ → hp√
2λ+
, (4.29)
η′ → ηp√
2λ−
, (4.30)
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where hp and ηp are now the physical fields, with kinetic terms in their canonical form
L(2) = 1
2
∂µhp∂
µhp +
1
2
∂µηp∂
µηp + · · · (4.31)
The h and η fields in terms of the physical fields are given by
h =
V√
V 2 +N2
(
hp − N
v
ηp
)
, (4.32)
η =
1√
V 2 +N2
(
Nhp +
V 2
v
ηp
)
. (4.33)
We calculate the interactions among two gauge field and the infinite number of fields hp
and ηp by Taylor-expanding the Eq. (C.2) (see Appendix C) in terms of the physical
fields. Up to second order, we obtain
g2v2
4
(
|Wµ|2 + 1
2c2w
Z2µ
){
1 + 2V
√
1− ξ
N2 + V 2
hp
v
+
V 2
V 2 +N2
(1− 2ξ) h
2
p
v2
− 2N√
V 2 +N2
ηp
v
+
(N2 − V 2)
V 2 +N2
η2p
v2
+
V 3
V 2 +N2
√
1− ξ η
2
p
v3
− 4NV
V 2 +N2
√
1− ξhpηp
v2
+
2N
V 2 +N2
hpηp
v
+ · · ·
}
.
(4.34)
Therefore in the unitary gauge the kinetic and gauge Lagrangian is given by
L(2) =1
2
∂µhp∂
µhp +
1
2
∂µηp∂
µηp +
g2v2
4
(
|Wµ|2 + 1
2c2w
Z2µ
)
+
g2v2
4
(
|Wµ|2 + 1
2c2w
Z2µ
){
2V
√
1− ξ
N2 + V 2
hp
v
+
V 2
V 2 +N2
(1− 2ξ) h
2
p
v2
− 2N√
V 2 +N2
ηp
v
+
(N2 − V 2)
V 2 +N2
η2p
v2
+
V 3
V 2 +N2
√
1− ξ η
2
p
v3
− 4NV
V 2 +N2
√
1− ξhpηp
v2
+
2N
V 2 +N2
hpηp
v
+ · · ·
}
+ · · ·
(4.35)
4.3 Embedding Fermions
As was the case in the MCHM, in order to reproduce the hypercharge of the SM fermions
the global symmetry should be enlarged to SO (6) × U (1)X . In the embedding of the
fermions we decompose SO (6) under the maximal subgroup SO (4) × SO (2)ζ which is
isomorphic to the subgroup SU (2)L × SU (2)R × U (1)ζ .
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Choosing X = 2/3 as U(1)X charge, the fundamental representation 6 of SO (6) decom-
poses under SO (4)× SO (2)ζ and SU (2)L × SU (2)R × U (1)ζ as
62/3 → 42/3 ⊕ 12/3 ⊕ 12/3 → 27/6 ⊕ 21/6 ⊕ 12/3 ⊕ 12/3, (4.36)
where the subscripts in the last term denote the hypercharge given by the expression
(3.28). We see that qL and tR can be identified with the last three terms. The singlet tR
can actually be embedded in two inequivalent ways forms given by
TR1 = {0, 0, 0, 0, 0, tR}T , TR2 = {0, 0, 0, 0, tR, 0}T , (4.37)
so the interaction Lagrangian is expressed as
LtRInt = λtR1
(
TR1
)I (OtR1F )I + λtR2 (TR2)I (OtR2F )I + h.c. (4.38)
When we “dress” the source with the Goldstone matrix, we obtain the following objects
U [Π]−1 TR1 = {T 5R1, T 1R1}, U [Π]−1 TR2 = {T 5R2, T 1R2} (4.39)
where
T 5R1 = −
Π
Π
tR sin
Π
f
, T 1R1 = tR cos
Π
f
, (4.40)
and
T 5R2 = −
tR
Π2
ζG(1− cos Πf )
G2 + ζ2 cos Π
f
 , T 1R2 = tR ζΠ sin Πf . (4.41)
The qL interaction is instead again given by the expression (3.37). The embedding of
the doublet qL in the QtL source is done as in Eqs. (3.38) and (3.40), thus by using the
projection of the QtL source on the doublet T
3
R = −1/2, we obtain
QtL =
1√
2
{−ibL,−bL,−itL, tL, 0, 0}T = {qL− , 0, 0}T . (4.42)
By dressing QtL with U [Π]
−1, we obtain SO (5) multiplets
U [Π]−1QtL = {Q5tL , Q1tL}, (4.43)
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where
Q5tL =
[
1−
(
1− cos Π
f
)
Π ·ΠT
Π2
]
· qL− , Q1tL =
(
ΠT
Π
sin
Π
f
)
· qL− . (4.44)
With the objects T 5R1, T
1
R1, T
5
R2, T
1
R2, Q
5
tL
and Q1tL we can form the invariants. Again, as in
the case of (MCHM5) we have an equation analogous to Eq. (3.46) that is, the invariants
are not independent. We form the simplest invariants from the singlets
Q
1
tL
T 1R1 =
1
2
√
2|H|2 + ζ2 sin
2
√
2|H|2 + ζ2
f
qLH
ctR,
Q
1
tL
T 1R2 =
ζ
2|H|2 + ζ2 sin
2
√
2|H|2 + ζ2
f
qLH
ctR,
(4.45)
from which the top Yukawa Lagrangian is
LtYuk =− ct
λtLλtR1
g2∗
m∗
1
2
√
2|H|2 + ζ2 sin
2
√
2|H|2 + ζ2
f
qLH
ctR
− ctλtLλtR2
g2∗
m∗
ζ
2|H|2 + ζ2 sin
2
√
2|H|2 + ζ2
f
qLH
ctR + h.c.
(4.46)
In the unitary gauge and around the VEV of ζ the top Yukawa Lagrangian becomes
LtYuk =− ct
λtLλtR1
g2∗
m∗ (V + h)
2
√
2
[
(V + h)2 + (N + η)2
] sin 2
√
(V + h)2 + (N + η)2
f
tt
− ctλtLλtR2
g2∗
m∗ (N + η) (V + h)√
2
[
(V + h)2 + (N + η)2
] sin2
√
(V + h)2 + (N + η)2
f
tt.
(4.47)
When the H and ζ fields take their VEV we have
Lmass = −ctλtLλtR1
g2∗
m∗
1
2
√
V 2
2 (V 2 +N2)
sin
2
√
V 2 +N2
f
tt
− ctλtLλtR2
g2∗
m∗
NV√
2 (V 2 +N2)
sin2
√
V 2 +N2
f
tt
= −ctλtLλtR1
g2∗
m∗
√
V 2ξ (1− ξ)
2 (V 2 +N2)
tt− ctλtLλtR2
g2∗
m∗
NV ξ√
2 (V 2 +N2)
tt
= −mt1tt−mt2tt ≡ −mttt,
(4.48)
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where we have used expressions (C.5) and (C.6) from Appendix C. Explicitly the top
mass term is
mt = c
tλtL
g2∗
m∗
√
V 2
2 (V 2 +N2)
[
λtR1
√
ξ (1− ξ) + λtR2
Nξ√
V 2 +N2
]
. (4.49)
With the above expressions we can write the top Yukawa Lagrangian as
LtYuk =−
mt1
2
√
(V 2 +N2) (V + h)2
V 2ξ (1− ξ) [(V + h)2 + (N + η)2] sin 2
√
(V + h)2 + (N + η)2
f
tt
− mt2
NV ξ
(V 2 +N2) (V + h) (N + η)[
(V + h)2 + (N + η)2
] sin2
√
(V + h)2 + (N + η)2
f
tt.
(4.50)
We now use the expansions (C.9) and (C.11) of Appendix C in terms of physical fields,
and we obtain
LtYuk =−mt1
{
1 +
V
(V 2 +N2)1/2
(1− 2ξ)√
1− ξ
hp
v
− 2V
2
(V 2 +N2)
ξ
h2p
v2
− N
(V 2 +N2)1/2
ηp
v
− V
2
2 (V 2 +N2)
η2p
v2
+
V 3
2 (V 2 +N2)
(1− 2ξ)√
1− ξ
η2p
v3
+
N
(V 2 +N2)
hpηp
v
− NV
(V 2 +N2)
(1− 2ξ)√
1− ξ
hpηp
v2
+ · · ·
}
tt,
−mt2
{
1 + 2V
√
1− ξ
V 2 +N2
hp
v
+
V 2
(V 2 +N2)
(1− 2ξ) h
2
p
v2
+
(V 2 −N2)
N (V 2 +N2)1/2
ηp
v
− 2V
2
(V 2 +N2)
η2p
v2
+
V 3
(V 2 +N2)
√
1− ξ η
2
p
v3
+
(N2 − V 2)
N (V 2 +N2)
hpηp
v
+
2V (V 2 −N2)
N (V 2 +N2)
√
1− ξhpηp
v2
+ · · ·
}
tt,
(4.51)
which we write in a more compact way as
LtYuk =−mttt−
(k6t1mt1 + k
6
t2mt2)
v
hptt− (C
6
2t1mt1 + C
6
2t2mt2)
v2
h2ptt
− (J
6
t1mt1 + J
6
t2mt2)
v
ηptt− (D
6
2t1mt1 +D
6
2t2mt2)
v2
η2ptt−
(E62t1mt1 + E
6
2t2mt2)
v3
η2ptt
− (M
6
t1mt1 +M
6
t2mt2)
v
hpηptt− (R
6
2t1mt1 +R
6
2t2mt2)
v2
hpηptt− · · · (4.52)
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Using the above procedure we can also obtain the interactions in the bottom quark sector.
ChoosingX = −1/3, we can embed the operators in the fundamental representation 6−1/3,
which decomposes under SO (4)× SO (2)ζ and SU (2)L × SU (2)R × U (1)ζ as
6−1/3 → 4−1/3 ⊕ 1−1/3 ⊕ 1−1/3 → 21/6 ⊕ 2−5/6 ⊕ 1−1/3 ⊕ 1−1/3. (4.53)
The interaction Lagrangian of the bottom quark sector is given by
LbInt = λbL
(
QbL
)I (ObLF)
I
+ λbR1
(
BR1
)I (ObR1F )
I
+ λbR2
(
BR2
)I (ObR2F )
I
, (4.54)
where the sources are given by
BR1 = {0, 0, 0, 0, 0, bR}T ,
BR2 = {0, 0, 0, 0, bR, 0}T ,
QbL =
1√
2
{−itL, tL, ibL, bL, 0, 0}T = {qL+ , 0, 0}T .
(4.55)
The QbL source is obtained when we project on the T
3
R = 1/2 doublet in Eq. (3.40).
Again, the dressing procedure converts the sources into the following multiples
B5R1 = −
Π
Π
bR sin
Π
f
, B1R1 = bR cos
Π
f
,
B5R2 = −
bR
Π2
ζG(1− cos Πf )
G2 + ζ2 cos Π
f
 , B1R2 = bR ζΠ sin Πf ,
Q5tL =
[
1−
(
1− cos Π
f
)
Π ·ΠT
Π2
]
· qL+ , Q1tL =
(
ΠT
Π
sin
Π
f
)
· qL+ .
(4.56)
From these multiplets we can form invariants and we obtain the bottom Yukawa La-
grangian
LbYuk =− cb
λbLλbR1
g2∗
m∗
1
2
√
2|H|2 + ζ2 sin
2
√
2|H|2 + ζ2
f
qLHbR
− cbλbLλbR2
g2∗
m∗
ζ
2|H|2 + ζ2 sin
2
√
2|H|2 + ζ2
f
qLHbR + h.c.
(4.57)
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In the unitary and around the VEV of ζ we obtain
LbYuk =− cb
λbLλbR1
g2∗
m∗ (V + h)
2
√
2
[
(V + h)2 + (N + η)2
] sin 2
√
(V + h)2 + (N + η)2
f
bb
− cbλbLλbR2
g2∗
m∗ (N + η) (V + h)√
2
[
(V + h)2 + (N + η)2
] sin2
√
(V + h)2 + (N + η)2
f
bb,
(4.58)
in this way we have the bottom mass term (when H and ζ are set to their VEV) with
mb = c
bλbLλbR1
g2∗
m∗
√
V 2ξ (1− ξ)
2 (V 2 +N2)
+ cb
λbLλbR2
g2∗
m∗
NV ξ√
2 (V 2 +N2)
= mb1 +mb2.
(4.59)
We use the Taylor expansion in terms of physical fields, in such a way that the bottom
Yukawa Lagrangian becomes
LbYuk =−mbbb−
(k6b1mb1 + k
6
b2mb2)
v
hpbb− (J
6
b1mb1 + J
6
b2mb2)
v
ηpbb
− (M
6
b1mb1 +M
6
b2mb2)
v
hpηpbb− · · ·
(4.60)
The modifications to the couplings in the fermionic sector of the (NMCHM)6 model are
combinations of the contributions given by the singlets T 1R1, T
1
R2, B
1
R1, B
1
R2, formed by
the dressing. This is a consequence of the possibility of embedding the quarks singlets in
two different ways.
Chapter 5
Estimation of the composite Higgs
potential
In this last chapter we estimate the composite Higgs potential for the two cosets studied.
The generation of the composite Higgs potential comes from the explicit breaking of
the Goldstone symmetry, that is to say from the elementary/composite interactions. The
dominant contributions to the potential come from the interactions between the top quark
sector and the composite sector, because their coupling constant must be much greater
than the others in order to reproduce the large top Yukawa.
To estimate the potential we use the method of spurions [14]. A spurion is a fictitious
field which allows us to promote the parameters that break the symmetry to fields that
transform under the G symmetry group. We can use the spurions fields to construct
invariant operators under G. As we are going to see the spurions will allow us to study
the implications of the SO (N) explicit symmetry breaking, assigning them to transform
in an N of SO (N).
5.1 Case MCHM5
Our starting point will be the fermion Lagrangian presented in Chapter 3. We rewrite
the expressions (3.31) and (3.37) by introducing the spurion fields ΛL and ΛR
L/Gλt = λtL
(
QtL
)I (OLF )I + λtR (TR)I (ORF )I + h.c = qLΛLOLF + tRΛRORF + h.c
=
(
tLΛ
tL
L + bLΛ
bL
L
)
OLF + tRΛRORF + h.c,
(5.1)
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where the spurion fields are given by
ΛtLL =
λtL√
2
(
0 0 i 1 0
)
, (5.2)
ΛbLL =
λtL√
2
(
i −1 0 0 0
)
, (5.3)
ΛtRR = λtR
(
0 0 0 0 1
)
. (5.4)
Notice that since in Section 3.3 we have decided to assign OR,LF ∼ 52/3 of SO (5)×U (1)X ,
to form an invariant we must have ΛiL,Λ
tR
R ∼ 52/3 of SO (5)× U (1)X . This explains why
the spurious in Eqs. (5.2)-(5.4) are written as quintuplets. We can now form multiplets
in the representations 4 and 1 of SO (4) “dressing” the spurions, that is to say
Λ4D
Λ1D
 = U †Λ. (5.5)
Using the fact that the Goldstone matrix in the unitary gauge is given by
U =
UG

13 0 0
0 cos
√
2H
f
sin
√
2H
f
0 − sin
√
2H
f
cos
√
2H
f
 , (5.6)
we have
ΛtLLD = U
−1ΛtLL ⇒
(
Λ4tLLD
)T
=
λtL√
2
(
0 0 i cos
√
2H
f
)
; Λ1tLLD =
λtL√
2
sin
√
2H
f
, (5.7)
ΛbLLD = U
−1ΛbLL ⇒
(
Λ4bLLD
)T
=
λtL√
2
(
i −1 0 0
)
; Λ1bLLD = 0, (5.8)
ΛtRRD = U
−1ΛtRR ⇒
(
Λ4tRRD
)T
= λtR
(
0 0 0 − sin
√
2H
f
)
; Λ1tRRD = λtR cos
√
2H
f
. (5.9)
Notice that the spurion associated with bL is a constant (it does not contain the Higgs
field) and can thus be ignored. Moreover, the remaining spurions multiplets are not
independent, since we have
(
ΛtLLD
)†
ΛtLLD +
(
ΛbLLD
)†
ΛbLLD = λ
2
tL
,(
ΛtRRD
)†
ΛtRRD = λ
2
tR
.
(5.10)
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This implies that we can always trade Λ4tLLD for Λ
1tL
LD (Λ
4tR
RD for Λ
1tL
RD), and we have only 2
invariant combinations of spurions at O (λ2tL,tR)
Oλ2L =
(
Λ1tLLD
)†
Λ1tLLD =
λ2tL
2
sin2
√
2H
f
,
Oλ2R =
(
Λ1tRRD
)†
Λ1tRRD = λ
2
tR
(
1− sin2
√
2H
f
)
.
(5.11)
This mean that, to O (λ2tL,tR) the contribution to the potential are
Vλ2 ∝
(cL
2
λ2tL − cRλ2tR
)
sin2
√
2H
f
+ const., (5.12)
where cL and cR are unknown constants. We see that this contribution to the potential
does not provide ξ = sin2
√
2〈H〉/f  1 since it has a minimum in 〈H〉 = pif/2√2 or
〈H〉 = 0. Let us then add operators of order O (λ4L), O (λ4R) and O (λ2Lλ2R). The structure
of such operators is given by the following terms
Oλ4L,1 =
(
Oλ2L
)2
=
λ4tL
4
sin4
√
2H
f
,
Oλ4L,2 = Oλ2L
[(
Λ4tLLD
)†
Λ4tLLD +
(
Λ4bLLD
)†
Λ4bLLD
]
=
λ4tL
4
(
4 sin2
√
2H
f
− sin4
√
2H
f
)
,
Oλ4R,1 =
(
Oλ2R
)2
= λ4tR
(
1− 2 sin2
√
2H
f
+ sin4
√
2H
f
)
,
Oλ4R,2 = Oλ2R
[(
Λ4tRRD
)†
Λ4tRRD
]
= λ4tR
(
sin2
√
2H
f
− sin4
√
2H
f
)
,
Oλ2Lλ2R,1 = Oλ2LOλ2R =
λ2tLλ
2
tR
2
(
sin2
√
2H
f
− sin4
√
2H
f
)
,
Oλ2Lλ2R,2 = Oλ2L
[(
Λ4tRRD
)†
Λ4tRRD
]
=
λ2tLλ
2
tR
2
sin4
√
2H
f
.
(5.13)
We note that the invariants constructed for λ4 order are linear combinations of sin2 θ and
sin4 θ, so we can write the O (λ4) potential as
Vλ4 ∝
(
cLLλ
4
tL
+ cRRλ
4
tR
+ cLRλ
2
tL
λ2tR
)
sin2
√
2H
f
+
(
c′LLλ
4
tL
+ c′RRλ
4
tR
+ c′LRλ
2
tL
λ2tR
)
sin4
√
2H
f
.
(5.14)
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Terms with the same trigonometric structure are also obtained in the gauge sector to
order g2 and g′2 [14]. Finally we can write the potential in the generic form
V (H) = −αf 2 sin2
√
2H
f
+ βf 2 sin4
√
2H
f
, (5.15)
where the contributions coming from the gauge sectors and the fermion sectors are encoded
in the parameters α and β. We have chosen the f 2 normalization and the signs for
convenience. Using the minimum condition, we have
dV
dH
∣∣∣∣
min.
= 0 =
(
2β sin2
√
2〈H〉
f
− α
)
sin
√
2〈H〉
f
cos
√
2〈H〉
f
, (5.16)
from which we see that either 〈H〉 = 0 or
sin2
√
2〈H〉
f
=
α
2β
, (5.17)
using Eq. (2.4) and (3.21), we rewrite this equation as
ξ =
α
2β
. (5.18)
Given that the mass of a scalar particle can be read from the potential, we have
m2H =
d2V
dH2
∣∣∣∣
min.,α=2βξ
= 8ξ (1− ξ) β. (5.19)
With Eqs. (5.18) and (5.19) we can write the potential in terms of the ξ parameter,
finding
V (H) =
m2Hf
2
8ξ (1− ξ)
(
sin2
√
2H
f
− ξ
)2
− m
2
Hf
2ξ
8 (1− ξ) . (5.20)
Let us stress that the minimum condition (5.18) implies
ξ =
v2
f 2
=
α
2β
 1, (5.21)
to be phenomenologically admittable, so that some tuning between the parameters is
needed to ensure α β.
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5.2 Case NMCHM6
As in the case of MCHM5 we can write the interactions that cause the explicit breaking
of the symmetry and that give the largest contributions to the potential as
L/Gλt = λtL
(
QtL
)I (OLF )I + λtR1 (TR1)I (OtR1F )I + λtR2 (TR2)I (OtR2F )I + h.c
=
(
tLΛ
tL
L + bLΛ
bL
L
)
OLF + tR1ΛR1OtR1F + tR2ΛR2OtR2F ,
(5.22)
with spurion fields belonging to the 6 of SO (6) written as
ΛtLL =
λtL√
2
(
0 0 i 1 0 0
)
, (5.23)
ΛbLL =
λtL√
2
(
i −1 0 0 0 0
)
, (5.24)
ΛR1 = λtR1
(
0 0 0 0 0 1
)
, (5.25)
ΛR2 = λtR2
(
0 0 0 0 1 0
)
. (5.26)
In this case the Goldstone matrix in the unitary gauge is
U =
UG

13 0 0 0
0 E1 E2 E3
0 E2 E4 E5
0 −E3 −E5 E6
 , (5.27)
where the Ek elements are
E1 = 1− H
2
H2 + ζ2
(
1− cos
√
H2 + ζ2
f
)
,
E2 = − Hζ
H2 + ζ2
(
1− cos
√
H2 + ζ2
f
)
,
E3 =
H√
H2 + ζ2
sin
√
H2 + ζ2
f
, E4 = 1− ζ
2
H2 + ζ2
(
1− cos
√
H2 + ζ2
f
)
,
E5 =
ζ√
H2 + ζ2
sin
√
H2 + ζ2
f
, E6 = cos
√
H2 + ζ2
f
,
(5.28)
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where we use H as the neutral component of the Higgs field times
√
2. By dressing
procedure we obtain the multiplets
ΛtLLD = U
−1ΛtLL ⇒
(
Λ5tLLD
)T
=
λtL√
2
(
0 0 i E1 E2
)
; Λ1tLLD =
λtL√
2
E3, (5.29)
ΛbLLD = U
−1ΛbLL ⇒
(
Λ5bLLD
)T
=
λtL√
2
(
i −1 0 0 0
)
; Λ1bLLD = 0, (5.30)
ΛtR1D = U
−1ΛR1 ⇒
(
Λ5tR1D
)T
= λtR1
(
0 0 0 −E3 −E5
)
; Λ1tR1D = λtR1E6, (5.31)
ΛtR2D = U
−1ΛR2 ⇒
(
Λ5tR2D
)T
= λtR2
(
0 0 0 E2 E4
)
; Λ1tR2D = λtR2E5. (5.32)
Again the multiplets are not independent because of the following relations
(ΛLD)
† ΛLD =
λ2tL
2
(
3 + E21 + E
2
2 + E
2
3
)
= 2λ2tL ,(
ΛtR1D
)†
ΛtR1D = λ
2
tR1
(
E23 + E
2
5 + E
2
6
)
= λ2tR1 ,(
ΛtR2D
)†
ΛtR2D = λ
2
tR2
(
E22 + E
2
4 + E
2
5
)
= λ2tR2 ,
(5.33)
from which we have the following combinations of spurions
Oλ2L =
(
Λ1tLLD
)†
Λ1tLLD = λ
2
tL
H2
H2 + ζ2
sin2
√
H2 + ζ2
f
,
Oλ2R1 =
(
Λ1tR1D
)†
Λ1tR1D = λ
2
tR1
[
1− sin2
√
H2 + ζ2
f
]
,
Oλ2R2 =
(
Λ1tR2D
)†
Λ1tR2D = λ
2
tR2
ζ2
H2 + ζ2
sin2
√
H2 + ζ2
f
.
(5.34)
Then in the NMCHM at λ2, the form of the potential is
Vλ2 (H, ζ) ∝
{
cL
λ2tLH
2
H2 + ζ2
+ cR2
λ2tR2ζ
2
H2 + ζ2
− cR1λ2tR1
}
sin2
√
H2 + ζ2
f
+ const. (5.35)
This expression has critical points corresponding to (〈H〉, 〈ζ〉) = (0, (k + 1
2
)
fpi
)
,
(〈H〉, 〈ζ〉) = ((k + 1
2
)
fpi, 0
)
, (〈H〉, 〈ζ〉) = (0, 0) and the family 〈H〉2 + 〈ζ〉2 = (kfpi)2.
Independently on the nature of the critical point, Eq. (4.23) gives either v = 0 or v = f ,
both phenomenologically unacceptable. Let us see the contribution of operators to next
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order, where the structure of the potential is provided by the following terms:
Oλ4L,1 =
(
Oλ2L
)2
= λ4tL
H4
(H2 + ζ2)2
sin4
√
H2 + ζ2
f
,
Oλ4L,2 = Oλ2L
[(
Λ5tLLD
)†
Λ5tLLD +
(
Λ5bLLD
)†
Λ5bLLD
]
= λ4tL
H2
H2 + ζ2
(
4 sin2
√
H2 + ζ2
f
− H
2
H2 + ζ2
sin4
√
H2 + ζ2
f
)
,
Oλ4R1,1 =
(
Oλ2R1
)2
= λ4tR1
(
1− 2 sin2
√
H2 + ζ2
f
+ sin4
√
H2 + ζ2
f
)
,
Oλ4R1,2 = O2λR1
[(
Λ5R1D
)† (
Λ5R1D
)†]
= λ4tR1
(
sin2
√
H2 + ζ2
f
− sin4
√
H2 + ζ2
f
)
,
Oλ4R2,1 =
(
Oλ2R2
)2
= λ4tR2
ζ4
(H2 + ζ2)2
sin4
√
H2 + ζ2
f
,
Oλ4R2,2 = O2λR2
[(
Λ5R2D
)† (
Λ5R1D
)†]
= λ4tR2
ζ2
H2 + ζ2
(
sin2
√
H2 + ζ2
f
− ζ
2
H2 + ζ2
sin4
√
H2 + ζ2
f
)
, (5.36)
Oλ2Lλ2R1,1 = Oλ2LOλ2R1 = λ2tLλ2tR1
H2
H2 + ζ2
(
sin2
√
H2 + ζ2
f
− sin4
√
H2 + ζ2
f
)
,
Oλ2Lλ2R1,2 = Oλ2L
(
Λ5R1D
)†
Λ5R1D = λt2Lλt2R1
H2
H2 + ζ2
sin4
√
H2 + ζ2
f
,
Oλ2Lλ2R2,1 = Oλ2LOλ2R2 = λ2tLλ2tR2
H2ζ2
(H2 + ζ2)2
sin4
√
H2 + ζ2
f
,
Oλ2Lλ2R2,2 = Oλ2L
(
Λ5R2D
)†
Λ5R2D
= λt2Lλt2R2
H2
H2 + ζ2
(
sin2
√
H2 + ζ2
f
− ζ
2
H2 + ζ2
sin4
√
H2 + ζ2
f
)
,
Oλ2R1λ2R2 = λ2tR1λ2tR2
ζ2
H2 + ζ2
(
sin2
√
H2 + ζ2
f
− sin4
√
H2 + ζ2
f
)
.
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From the above invariants, and factoring common terms, we found the O (λ4) potential
as
Vλ4 ∝
{(
c′LLλ
4
tL
+ c′R1R1λ
4
tR1
+ c′LR1λ
2
tL
λ2tR1 + c
′
LR2λ
2
tL
λ2tR2
)
H2
+
(
c′R1R1λ
4
tR1
+ c′R2R2λ
4
tR2
+ c′R1R2λ
2
tR1
λ2tR2
)
ζ2
}
1
H2 + ζ2
sin2
√
H2 + ζ2
f
+
{(
cLLλ
4
tL
+ cLR1λ
2
tL
λ2tR1 + cR1R1λ
4
tR1
)
H4
+
(
cLR1λ
2
tL
λ2tR1 + cLR2λ
2
tL
λ2tR2 + cR1R2λ
2
tR1
λ2tR2 + 2cR1R1λ
4
tR1
)
H2ζ2
+
(
cR1R1λ
4
tR1
+ cR2R2λ
4
tR2
+ cR1R2λ
2
tR1
λ2tR2
)
ζ4
}
1
(H2 + ζ2)2
sin4
√
H2 + ζ2
f
.
(5.37)
Finally, the final form of the potential is
V (H, ζ) =− f 2 (α1H
2 + α2ζ
2)
H2 + ζ2
sin2
√
H2 + ζ2
f
+ f 2
(β1H
4 + β2ζ
4 + β3H
2ζ2)
(H2 + ζ2)2
sin4
√
H2 + ζ2
f
.
(5.38)
Again, αi and βi encoded the contributions from gauge and the fermion sectors. The
minimum conditions of the potential are
∂V
∂H
∣∣∣∣
min.
=
H
(H2 + ζ2)2
sin θ
{
fζ2
H2 + ζ2
[
ζ2 (β3 − 2β2) +H2 (2β1 − β3)
]
sin3 θ
+
1
(H2 + ζ2)1/2
{
H4
(
2β1 sin
2 θ − α1
)
+ ζ4
(
2β2 sin
2 θ − α2
)
(5.39)
+H2ζ2
(
2β3 sin
2 θ − α1 − α2
)}
cos θ + fζ2 (α2 − α1) sin θ
}∣∣∣∣∣
min.
= 0,
∂V
∂ζ
∣∣∣∣
min.
=
ζ
(H2 + ζ2)2
sin θ
{
fH2
H2 + ζ2
[
H2 (β3 − 2β1) + ζ2 (2β2 − β3)
]
sin3 θ
+
1
(H2 + ζ2)1/2
{
H4
(
2β1 sin
2 θ − α1
)
+ ζ4
(
2β2 sin
2 θ − α2
)
(5.40)
+H2ζ2
(
2β3 sin
2 θ − α1 − α2
)}
cos θ + fH2 (α1 − α2) sin θ
}∣∣∣∣∣
min.
= 0,
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where
θ (H, ζ) =
√
H2 + ζ2
f
. (5.41)
Considering 〈H〉 = 0 or the family 〈H〉2 + 〈ζ〉2 = (kfpi)2, we have an v = 0, phe-
nomenologically unacceptable. But if 〈ζ〉 = 0, then from (5.39) we obtain the additional
possibility (
2β1 sin
2〈θ〉 − α1
)
sin〈θ〉 cos〈θ〉 = 0. (5.42)
Again we see that either 〈H〉 = 0 (phenomenologically unacceptable) or
sin2〈θ〉 = ξ = α1
2β1
. (5.43)
So when 〈ζ〉 = 0 and 〈H〉 6= 0 we have a critical point that under certain conditions
produces a minimum of potential. From the potential and the above considerations, we
obtain the mass of H and ζ
m2H =
∂2V
∂H2
∣∣∣∣
min.,α1=2β1ξ
= 8ξ (1− ξ) β1, (5.44)
m2ζ =
∂2V
∂ζ2
∣∣∣∣
min.,α1=2β1ξ
=
2f 2ξ
〈H〉2 (ξβ3 − α2) . (5.45)
The condition (5.43) implies that to ensure α1  β2, some tuning between the parameters
is necessary. Also under these conditions the (NMCHM)6 results are
L =− 1
4
W aµνW
µν
a −
1
4
BµνB
µν +
1
2
∂µhp∂
µhp +
1
2
∂µηp∂
µηp +
g2v2
4
(
|Wµ|2 + 1
2c2w
Z2µ
)
+
g2v2
4
(
|Wµ|2 + 1
2c2w
Z2µ
){
2
√
1− ξhp
v
+ (1− 2ξ) h
2
p
v2
− η
2
p
v2
+ V
√
1− ξ η
2
p
v3
+ · · ·
}
−mttt− k6t
mt
v
hptt− C62t
mt
v2
h2ptt
−D62t
mt
v2
η2ptt− E62t
mt
v3
η2ptt−mbbb− k6b
mb
v
hpbb− · · · , (5.46)
where D62t = −12 and E62t = V (1−2ξ)2√1−ξ and k6t , C62t, k6b are given by (3.54). In the Lagrangian
we have that the ηp state has parity symmetry ηp → −ηp, that makes ηp to be stable and
as good Dark Matter candidate (see [16, 17]).
Chapter 6
Conclusions
In this work we have studied and presented the basic characteristics of the composite
Higgs scenario, which have been applied to the cosets SO (6) /SO (5) and SO (5) /SO (4).
In both cases we obtained a doublet for the Higgs, as well as modifications with respect
to the Standard Model of the couplings between the physical Higgs and the Fermionic
and Gauge sectors.
In the minimal model the modifications to the couplings depend on the ξ parameter,
unlike in the non-minimal model where the modifications depend not only on ξ, but on
the Vacuum Expected Values of the H and ζ fields as well.
We have presented in a systematic way the fermions embedding process, which we did in
the fundamental representation of the symmetry group, but such a procedure is similar
for any representation that we take. The phenomenology of the models depends on the
representation of the fermions embedding process, since this determines the shape of the
Invariants to form.
In the two studied cosets the Higgs-Gauge interactions are established by symmetry break-
ing pattern, however in the fermionic sector the Higgs-quark interactions depend on the
representation used.
The estimated composite Higgs potential for the minimal case has a functional depen-
dence on H through a linear combination of sin2 and sin4, while the non-minimal case is
a linear combination of functions on H and ζ.
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Appendix A
The Standard Model
The Standard Model (SM) of particle physics based on the works of Weinberg [20],
Glashow [21] and Salam [22] is a theory which describes the electromagnetic, weak, and
strong interactions. A complete discussion of the SM is given in [23]. It is a non-abelian
quantum field theory, invariant under the Lie symmetry group of local transformations
GSM = SU(3)C×SU(2)L×U(1)Y , where the indices C, L and Y denote respectively color,
left hand isospin and hypercharge. To be phenomenologically viable, the SM gauge group
must be spontaneously broken to U(1)em. The gauge group determines the interactions
and the number of vector bosons that correspond to the generators of the group, for which
• SU(3)C has eight non-massive gauge bosons called gluons (Gµ), which are the me-
diators of strong interaction;
• SU(2)L×U(1)Y has four gauge bosons, three of which are massive (W±µ and Zµ) and
one massless (the photon, Aµ). These are responsible for weak and electromagnetic
interactions.
The matter content (quarks and leptons) in the theory with their gauge transformation
properties under SU(3)C × SU(2)L × U(1)Y are presented in Table A.1.
All the matter content presented in Table A.1 comes in three generations or flavors, see
Table A.2 for leptons1 and quarks.
1Neutrino masses are exactly zero in the Standard Model which is not correct according to the neutrino
oscillation experiments [24, 25].
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Matter SU(3)C SU(2)L U(1)Y
lL 1 2 -1/2
eR 1 1 -1
qL 3 2 1/6
uR 3 1 2/3
dR 3 1 -1/3
Table A.1: The matter content in the SM. The subscripts L and R distinguish between
between left and right handed fields.
Leptons
Q Flavor Mass (MeV) Flavor Mass (MeV) Flavor Mass (MeV)
-1 Electron e 0.511 Muon µ 105.7 Tau τ 1777
0 νe 0 νµ 0 ντ 0
Quarks
+2/3 Up u 2.2 Charm c 1.28×103 Top t 173.1×103
-1/3 Down d 4.7 Strange s 96 Bottom b 4.18×103
Table A.2: Leptons l (Antileptons l), with spin=1/2. The νj (j = e, µ, τ) are the corre-
sponding neutrino flavors. Quarks q (Antiquarks q), with spin=1/2. Taken from [3]
We need a scalar sector to drive the spontaneous symmetry breaking (in this case is called
ElectroWeak Symmetry Breaking, EWSB), which must be charged under SU(2)L, because
otherwise it cannot break the symmetry. This complex scalar field H, known as the Higgs
field, transforms in the representation (1, 2, 1/2) of SU(3)C × SU(2)L×U(1)Y . The Higgs
field acquires a nonzero VEV that spontaneously breaks SU(2)L × U(1)Y into U(1)em.
The dynamics is described by the following Lagrangian invariant under the GSM gauge
group
L = LGauge + LMatter + LHiggs + LY uk. (A.1)
The Lagrangian LGauge consists in terms of Yang- Mills type that explain the kinetic terms
of the gauge bosons that correspond to each group of the SM, that is to say
LGauge = −1
4
Gµνa G
a
µν −
1
4
W µνa W
a
µν −
1
4
BµνBµν , (A.2)
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where
Gaµν = ∂µG
a
ν − ∂νGaµ + gsf bcaGbµGcν ,
W aµν = ∂µW
a
ν − ∂νW aµ + gf bcaW bµW cν ,
Bµν = ∂µBν − ∂νBµ,
(A.3)
with gs and g the couplings of the SU(3)c, and SU(2)L groups, respectively. The terms
gsf
bcaGbµG
c
ν and gf
bcaW bµW
c
ν , typical of non-Abelian gauge theories, give rise to the three
and four-gauge bosons interactions. The structure constants f bca (a, b, c = 1, · · · , N2− 1)
are defined by [
T a, T b
]
= ifabcT c. (A.4)
The matter content of the SM is described in LMatter. The coupling of the matter fields
(described in Table A.2) with the gauge fields is done through the covariant derivative,
namely
LMatter = i
3∑
k=1
(
qkL /D
k
qkL + l
k
L
/D
k
lkL + e
k
R
/D
k
ekR + u
k
R
/D
k
ukR + d
k
R
/D
k
dkR
)
, (A.5)
where /D = γµDµ, and the index k runs over each of the flavors of the fermions. For
example, considering leptons (which transforms as ∼ (1, 2,−1/2)), we have
l
k
L
/D
k
lkL = l
k
Lγ
µ
(
∂µ − ig
2
W aµσa + i
g′
2
Bµ
)
lkL. (A.6)
The Higgs sector is responsible for the EWSB (as we will see in section A.1) and the Higgs
Lagrangian is given by
LHiggs = (DµH)† (DµH) + µ2H†H − λ
(
H†H
)2
, (A.7)
where λ and µ2 are constants > 0. The Higgs field is a doublet of SU (2)L and can be
written as
H =
H+
H0
 = 1√
2
H2 + iH1
H4 + iH3
 , (A.8)
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with covariant derivative given by
DµH =
(
∂µ − igWαµ
σα
2
− ig′Bµ1
2
)
H. (A.9)
Finally there are interactions between two SM fermions and the Higgs boson given by
Yukawa type terms, namely
LY uk = −
3∑
k,j=1
(
Y kje l
k
LHe
j
R + Y
kj
d q
k
LHd
j
R + Y
kj
u q
k
LH
cujR
)
+ h.c., (A.10)
where Y kje , Y
kj
d and Y
kj
u are the coupling constants between the quarks and the Higgs
field and remembering that Hc is the conjugate of the doublet H.
A.1 Electroweak Symmetry Breaking in the Stan-
dard Model
In order to provide mass to the W±µ , Zµ bosons and to the SM fermions, the gauge group
must be spontaneously broken through the Higgs mechanism, for which the LHiggs sector
is used. The Higgs field acquires a VEV such that the symmetry SU (2)L × U (1)Y is
spontaneously broken. This VEV is induced by the potential V (H) = −µ2|H|2 + λ|H|4,
namely
dV
d|H|2
∣∣∣∣
min
= 0 = −µ2 + 2λ|H|2 ⇒ | 〈H〉 |2 = v2 = µ
2
2λ
. (A.11)
There are infinite degenerate vacuums which are equivalent. Conventionally, we choose
〈H1〉 = 〈H2〉 = 〈H3〉 = 0, 〈H4〉 = v =
√
µ2
2λ
, (A.12)
from which
〈H〉 = 1√
2
0
v
 . (A.13)
Once the Higgs acquires the VEV, we obtain
Dµ 〈H〉 = − iv
2
√
2
g (W 1µ − iW 2µ)
−gW 3µ + g′Bµ
 , (A.14)
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with which we have
Lmass = 1
4
g2v2W+µ W
µ
− +
1
8
v2
(
g2 + g′2
)
ZµZ
µ, (A.15)
where we have defined the fields of the charged weak interactions as
W±µ =
1√
2
(
W 1µ ∓ iW 2µ
)
, (A.16)
and the boson Zµ that mediates the neutral weak interactions as a combination of bosons
W 3µ and Bµ. We see that after EWSB the bosons W
±
µ and Zµ have acquired a mass
MW =
1
2
gv, MZ =
1
2
(
g2 + g′2
)
v, (A.17)
and the boson Aµ that is one combination orthogonal to Zµ, has not acquired mass. Such
a boson is thus identified with the photon.
When the VEV causes the spontaneous symmetry breaking, SU (2)L×U (1)Y → U (1)em,
the unbroken subgroup U (1)em that corresponds to the electromagnetic interaction has
as generator the electric charge Q, which is a linear combination of generators that anni-
hilates the vacuum (A.13) and is identified as
Q =
1
2
σ3 + Y = T3 + Y. (A.18)
After EWSB in the Yukawa sector, we have
LY uk = −veLYeeR − vdLYdeR − vuLYueR. (A.19)
We have obtained the Dirac mass terms for leptons and quarks.
Now, without loss of generality, the Higgs doublet (A.8) can be written in the direction
of the broken generators T1, T2 and T3 − Y (CCWZ) as
H =
1√
2
exp
[
i
2v
(σaHa − 1H3)
] 0
h (x) + v
 . (A.20)
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Due to the local symmetry of the theory, we can make a gauge transformation
H → H ′ = UH = exp
[
− i
2v
(σaHa − 1H3)
]
H, (A.21)
to eliminate the would-be Goldstone bosons from the theory (these Goldstone bosons are
“eaten” by the three gauge bosons that acquire mass in the EWSB), obtaining
H =
1√
2
 0
h (x) + v
 . (A.22)
This is the so-called unitary gauge, where H (x) has one degree of freedom and the physical
implications of the theory are clear to see.
A.2 Custodial symmetry
From the expression for the masses of the W and Z bosons eq. (A.17), at the tree level
we have that
ρ =
M2W
M2Zc
2
w
= 1. (A.23)
Experimentally the value of ρ has been confirmed to a per mille accuracy [3]. This result is
a consequence of the spontaneous symmetry breaking by SU (2)-doublets and guaranteed
by a symmetry. To see this symmetry let us see that the potential V (H) is invariant
under a SO(4) symmetry. Given that 2H†H = H21 +H
2
2 +H
2
3 +H
2
4 , we can write
V (H) = −µ
2
2
HTH +
λ
4
(
HTH
)2
, (A.24)
where HT = (H1, H2, H3, H4). This means that V (H) is invariant under the transforma-
tion
H →H ′ = RH ,
H →H ′T = HTRT ,
(A.25)
such that RTR = 1 which means that V (H) is invariant under SO(4). When H acquires
a VEV (〈H4〉 = v, and 〈H1〉 = 〈H2〉 = 〈H3〉 = 0), it causes the symmetry breaking
pattern SO(4)→ SO(3). So in the Higgs sector there remain three directions of unbroken
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symmetry, that is there is a residual symmetry, SO(3) ' SU(2), after the EWSB, which
is known as custodial symmetry 2. From Eq. (A.14) we can write the Lmass as
Lmass = W TM2W , (A.26)
where M2 is the mass-squared matrix and W the vector of gauge fields, given by
M2 = v
2
8

g2 0 0 0
0 g2 0 0
0 0 g2 −g′g
0 0 −gg′ g′2
 , W =

W 1µ
W 2µ
W 3µ
Bµ
 . (A.27)
In the limit g′ → 0, we have cw = g/
√
g2 + g′2 → 1, and under SO(3) the W aµ gauge
bosons transform as a triplet, and are thus degenerate. We notice that the ratio
M2W
M2Z
= 1, (A.28)
is required by the custodial symmetry. When g′ 6= 0, we obtain the relation (A.23).
We see that this symmetry is responsible for keeping the ratio between the mass of Z and
W ensuring ρ = 1, and also ensures small corrections to ρ. Theories without custodial
symmetry will give large corrections to the Peskin-Takeuchi T parameter, and in order to
avoid this, a viable composite Higgs models should include such symmetry.
2The original literature is given in [26].
Appendix B
The Goldstone matrix
In this dissertation we saw that the Goldstone matrix is the main object of the CCWZ
construction, since it allows us to see the properties of the Goldstone bosons under the
action of the G group, it also allows us to build the symbols dµ and eµ, it is present in the
construction of invariants, etc. So its explicit form for the cosets studied is necessary.
B.1 Explicit computation of the Goldstone matrix
The Goldstone matrix of Eq. (2.8) can be computed easily for the SO (N)→ SO(N − 1)
breaking. Since the structure is the same for every N [14], we will explicitly compute the
matrix for the SO(3)→ SO(2) case. The broken generators for this pattern are
Tˆ1 =
1√
2

0 0 0
0 0 −i
0 i 0
 , Tˆ2 = 1√2

0 0 −i
0 0 0
i 0 0
 , (B.1)
from which
i
√
2
f
Πaˆ (x) Tˆ
aˆ = i
√
2
f

Π1√
2

0 0 0
0 0 −i
0 i 0
+ Π2√2

0 0 −i
0 0 0
i 0 0


= − 1
f

0 0 −Π2
0 0 −Π1
Π2 Π1 0
 = Xf ,
(B.2)
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the Goldstone matrix can be written as
U [Π] = e
X
f =
∞∑
n=0
(
X
f
)n
1
n!
= 1 +
X
f
+
X2
2!f 2
+
X3
3!f 3
+ · · · (B.3)
Now let’s calculate the terms Xn for n ≥ 2 of the expansion:
X2 =

−Π22 −Π1Π2 0
−Π1Π2 −Π21 0
0 0 − (Π21 + Π22)

= −

Π22 Π1Π2 0
Π1Π2 Π
2
1 0
0 0 Π2
 ; Π2 = Π21 + Π21.
(B.4)
X3 =X2X = −

0 0 Π2Π
2
0 0 Π1Π
2
−Π2Π22 −Π2Π21 0
 = −Π2

0 0 Π2
0 0 Π1
−Π22 Π21 0

=− Π2X.
(B.5)
Eqs. (B.4) and (B.5) are the starting point to obtain recursion relations for the following
terms
X4 = X3X = −Π2X2, X5 = X4X = −Π2X3 = Π4X,
X6 = X5X = Π4X2, X7 = Π4X3 = −Π6X,
(B.6)
giving the following recursion formulas:
X2n+1 = (−1)n Π2nX, n = 0, 1, 2, 3, · · ·
X2(n+1) = (−1)n Π2nX2, n = 0, 1, 2, 3, · · ·
(B.7)
Eq. (B.3) can thus be written as
e
X
f = 1 +
∞∑
n=0
(−1)n Π2n
(2n+ 1)!f 2n+1
X +
∞∑
n=0
(−1)n Π2n
[2 (n+ 1)]!f 2(n+1)
X2
= 1 +
∞∑
n=0
(−1)n
(2n+ 1)!
(
Π
f
)2n+1
X
Π
+
∞∑
n=0
(−1)n
[2 (n+ 1)]!
(
Π
f
)2(n+1)
X2
Π2
.
(B.8)
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Remembering that
sinx =
∞∑
n=0
(−1)n
(2n+ 1)!
x2n+1, (B.9)
and
∞∑
n=0
(−1)n
[2 (n+ 1)]!
(
Π
f
)2(n+1)
=
∞∑
n=1
(−1)n−1
(2n)!
(
Π
f
)2n
= −
∞∑
n=1
(−1)n
(2n)!
(
Π
f
)2n
= 1−
(
1 +
∞∑
n=1
(−1)n
(2n)!
(
Π
f
)2n)
= 1−
∞∑
n=0
(−1)n
(2n)!
(
Π
f
)2n
= 1− cos Π
f
,
(B.10)
the Goldstone matrix is
U [Π] = 1 +
(
sin
Π
f
)
X
Π
+
(
1− cos Π
f
)
X2
Π2
. (B.11)
Using the explicit expression for X and Eq.(B.4), the Goldstone matrix U [Π] can be
written explicitly as
U [Π] =

1− Π22
Π2
(
1− cos Π
f
)
−Π1Π2
Π2
(
1− cos Π
f
)
Π2
Π
sin Π
f
−Π1Π2
Π2
(
1− cos Π
f
)
1− Π21
Π2
(
1− cos Π
f
)
Π1
Π
sin Π
f
−Π2
Π
sin Π
f
−Π1
Π
sin Π
f
cos Π
f
 . (B.12)
Now, making the following definitions
Π =
Π2
Π1
 , ΠT = (Π2 Π1) , Π = √ΠT ·Π, (B.13)
Π ·ΠT =
Π2
Π1
 · (Π2 Π1) =
 Π22 Π1Π2
Π1Π2 Π
2
1
 , (B.14)
we see that the Goldstone matrix can be written as
U [Π] =
1− (1− cos Πf ) Π·ΠTΠ2 ΠΠ sin Πf
−ΠT
Π
sin Π
f
cos Π
f
 . (B.15)
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This expression calculated for the SO(3) → SO(2) breaking pattern is general and valid
for any SO(N)→ SO(N − 1) breaking pattern, provided that the broken generators have
non-zero entries in their last row and column.
B.2 Inverse and derived of the Goldstone matrix
The Goldstone matrix is orthogonal, so its inverse is equal to the transpose given by
U−1 [Π] =
1− (1− cos Πf ) Π·ΠTΠ2 −ΠΠ sin Πf
ΠT
Π
sin Π
f
cos Π
f
 , (B.16)
and the derivative of the Goldstone matrix is
∂µU [Π] =
−Π·ΠTfΠ2 ∂µΠ sin Πf − (1− cos Πf ) ∂µ (Π·ΠTΠ2 ) ΠfΠ∂µΠ cos Πf + ∂µ (ΠΠ ) sin Πf
−ΠTfΠ ∂µΠ cos Πf − ∂µ
(
ΠT
Π
)
sin Πf − 1f ∂µΠ sin Πf
 , (B.17)
where
∂µ
(
Π ·ΠT
Π2
)
=
1
Π2
∂µ
(
Π ·ΠT )− 2
Π3
Π ·ΠT∂µΠ,
∂µ
(
Π
Π
)
=
1
Π
∂µΠ− Π
Π2
∂µΠ.
(B.18)
The above results are used in the main text.
Appendix C
Useful Taylor series.
In this appendix we present the Taylor series used to obtain the results of Chapter 4 in
the main text.
The first terms of the Taylor series of a B (h, η) function that depends on the h and η
fields, such that B (h, η) is infinitely differentiable, is given by
B (h, η) ' B (h, η)|a + h
∂B
∂h
∣∣∣∣
a
+ η
∂B
∂η
∣∣∣∣
a
+
1
2
(
h2
∂2B
∂h2
∣∣∣∣
a
+ η2
∂2B
∂η2
∣∣∣∣
a
+ 2hη
∂2B
∂η∂h
∣∣∣∣
a
)
+ · · ·
(C.1)
Where the series is evaluated at any point a of the space-time.
Let be a function
B (h, η) =
f 2 (V + h)2
(V + h)2 + (η +N)2
sin2
√
(V + h)2 + (η +N)2
f
, (C.2)
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by Taylor-expanding around a = (0, 0) we have
B (h, η) =
V 2
V 2 +N2
f 2 sin2 θ +
2V 3
(V 2 +N2)3/2
fh cos θ sin θ
+
2N2V
(V 2 +N2)2
f 2h sin2 θ +
2NV 2
(V 2 +N2)3/2
fη cos θ sin θ
− 2NV
2
(V 2 +N2)2
f 2η sin2 θ +
V 4
(V 2 +N2)2
(
1− 2 sin2 θ)h2
+
5N2V 2
(V 2 +N2)5/2
fh2 cos θ sin θ +
N2 (N2 − 3V 2)
(V 2 +N2)3
f 2h2 sin2 θ
+
N2V 2
(V 2 +N2)2
(
1− 2 sin2 θ) η2 + V 2 (V 2 − 4N2)
(V 2 +N2)5/2
fη2 cos θ sin θ
+
V 2 (3N2 − V 2)
(V 2 +N2)3
f 2η2 sin2 θ +
2NV 3
(V 2 +N2)2
(
1− 2 sin2 θ)hη
+
2NV (2N2 − 3V 2)
(V 2 +N2)5/2
fhη cos θ sin θ +
4NV (V 2 −N2)
(V 2 +N2)3
f 2hη sin2 θ + · · · ,
(C.3)
where
θ =
√
V 2 +N2
f
. (C.4)
From ElectroWeak VEV Eq. (4.23) we can define the next relations
ξ =
v2
f 2
(V 2 +N2)
V 2
= sin2 θ, (C.5)
cos θ sin θ =
v
f
√
(1− ξ) (V 2 +N2)
V
, (C.6)
from which we have
B (h, η) = v2
{
1 +
2V 2
(V 2 +N2)
√
1− ξh
v
+
2N2
(V 2 +N2)
h
V
+
V 4
(V 2 +N2)2
(1− 2ξ) h
2
v2
+
5N2V
(V 2 +N2)2
√
1− ξh
2
v
+N2
(N2 − 3V 2)
(V 2 +N2)2
h2
V 2
+
2NV
(V 2 +N2)
√
1− ξ η
v
− 2N
(V 2 +N2)
η +
N2V 2
(V 2 +N2)2
(1− 2ξ) η
2
v2
+ V
(V 2 − 4N2)
(V 2 +N2)2
√
1− ξ η
2
v
+
(3N2 − V 2)
(V 2 +N2)2
η2 +
2NV 3
(V 2 +N2)2
(1− 2ξ) hη
v2
+
2N (2N2 − 3V 2)
(V 2 +N2)2
√
1− ξhη
v
+ 4
N (V 2 −N2)
(V 2 +N2)2
hη
V
+ · · ·
}
(C.7)
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Similarly for the following expressions
B (h, η) =
(V + h)√
(V + h)2 + (N + η)2
sin
2
√
(V + h)2 + (N + η)2
f
, (C.8)
B (h, η) =2V
√
ξ
V 2 +N2
{√
1− ξ + V
2
(V 2 +N2)
(1− 2ξ) h
v
+
N2
(V 2 +N2)
√
1− ξ h
V
+
3N2V
2 (V 2 +N2)2
(1− 2ξ) h
2
v
− 3N
2
2 (V 2 +N2)2
√
1− ξh2 − 2V
4
(V 2 +N2)2
ξ
√
1− ξh
2
v2
+
NV
(V 2 +N2)
(1− 2ξ) η
v
− N
(V 2 +N2)
√
1− ξη (C.9)
+
(2N2 − V 2)
2 (V 2 +N2)2
√
1− ξη2 + V (V
2 − 2N2)
2 (V 2 +N2)2
(1− 2ξ) η
2
v
− 2N
2V 2
(V 2 +N2)2
ξ
√
1− ξ η
2
v2
+
N (N2 − 2V 2)
(V 2 +N2)2
(1− 2ξ) hη
v
+
N (2V 2 −N2)
(V 2 +N2)2
√
1− ξhη
V
− 4NV
3
(V 2 +N2)2
ξ
√
1− ξhη
v2
+ · · ·
}
.
B (h, η) =
(V + h) (N + η)
(V + h)2 + (N + η)2
sin2
√
(V + h)2 + (N + η)2
f
, (C.10)
B (h, η) =
V ξ
V 2 +N2
{
N +
2V 2N
(V 2 +N2)
√
1− ξh
v
+
N (N2 − V 2)
(V 2 +N2)
h
V
+
NV 4
(V 2 +N2)2
(1− 2ξ) h
2
v2
+
NV (3N2 − 2V 2)
(V 2 +N2)2
√
1− ξh
2
v
+
N (V 2 − 3N2)
(V 2 +N2)2
h2 +
2N2V
(V 2 +N2)
√
1− ξ η
v
+
(V 2 −N2)
(V 2 +N2)
η
+
V 2N3
(V 2 +N2)2
(1− 2ξ) η
2
v2
+
NV (3V 2 − 2N2)
(V 2 +N2)2
√
1− ξ η
2
v
(C.11)
+
N (N2 − 3V 2)
(V 2 +N2)2
η2 +
2N2V 3
(V 2 +N2)2
(1− 2ξ) hη
v2
+
2 (N4 − 3N2V 2 + V 4)
(V 2 +N2)2
√
1− ξhη
v
+
(6V 2N2 −N4 − V 4)
(V 2 +N2)2
hη
V
+ · · ·
}
.
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